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Abstract
Spherical circle planes are topological incidence geometries; one has a 2-
sphere 풫 and a collection of 1-spheres in 풫 such that any three points in 풫 de-
termine exactly one of these 1-spheres (the ‘circles’ of the spherical circle plane).
A determination of the homeomorphism type of the circle space (the collection
of 1-spheres suitably topologised) of a topological 2-dimensional Mo¨bius plane,
which is a spherical circle plane with the additional property of the axiom of
touching, was given by Karl Strambach in 1974. Embeddable spherical cir-
cle planes are a type of spherical circle plane that are not, in general, Mo¨bius
planes, constructed on a 2-sphere P in ℝ3 by taking the circles to be precisely
the non-trivial plane intersections in ℝ3 with P. We show that the circle space
of an embeddable spherical circle plane is homeomorphic to the 3-dimensional
projective space minus one point. Furthermore, it is shown that the flag space
of an embeddable spherical circle plane is homeomorphic to the flag space of the
classical flat Mo¨bius plane; a topological description of the latter is also given.
An apparent gap is the literature is also filled: we prove the well-known con-
jecture that the flag space of a general spherical circle plane is a 4-dimensional
manifold.
Finally, we define the notion of isotopy equivalence between spherical circle
planes and prove that embeddable spherical circle planes are isotopy equivalent
to the classical flat Mo¨bius plane.
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Chapter 1
Introduction
1.1 Motivation and Thesis Outline
Mo¨bius planes have their origins in the work of A.F. Mo¨bius in the 19th cen-
tury and his investigations of properties of Euclidean lines and Euclidean circles.
Mo¨bius planes are incidence geometries consisting of two kinds of objects, points
and circles. In the same way an affine plane axiomatises the geometry of Eu-
clidean lines in the Euclidean plane, Mo¨bius planes axiomatise the geometry
obtained from an elliptic quadric in 3-dimensional projective space and all its
(non-trivial) intersections with planes in 3-space.
Mo¨bius planes, or inversive planes as they are also called, have been investi-
gated as abstract geometries or with additional assumptions like finitely many
points (this leads to certain 3-designs) or topological conditions. D. Wo¨lk [13]
introduced topological Mo¨bius planes, where the set of points and the set of
circles carry topologies and continuity conditions on the geometric operations
are imposed. Simple and easy-to-visualise models can be obtained by replacing
an ellipsoid in real 3-space by a surface that is the boundary of a strictly convex
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compact body and again considering its intersections with planes. By dropping
smoothness conditions on the surface one obtains a further generalisation, the
embeddable spherical circles planes, which are the main object of study in this
thesis.
The emphasis here is on exploring the topological aspects of such geometries;
we spend more time in Euclidean space than we do in arbitrary geometries of
lines and points.
The aim of this thesis is to extend the current knowledge of spherical circle
planes by two means. The first is to investigate what is known only about the
topological structures associated with the subclass of flat Mo¨bius planes, and
seek to expand this family to include embeddable spherical circle planes. The
second is to transpose the notion of isotopy equivalence, as defined with respect
to linear spaces, onto spherical circle planes; in doing so we introduce a new
measure for comparing spherical circle planes.
Strambach [11] classified the circle space of a flat Mo¨bius plane — namely,
that the circle space is homeomorphic to the 3-dimensional projective space
minus one point — but his proof relied on the additional property, called the
axiom of touching, which these planes possess.
Embeddable spherical planes are spherical circle planes that are not, in gen-
eral, flat Mo¨bius planes. Motivated by Strambach’s work in 1970 which showed
that spherical circle planes are topological circle planes, in Chapter 3 we prove
directly that this is indeed the case for embeddable spherical circle planes. This
gives a justification for the topology chosen on the circle set of an embeddable
spherical circle plane.
During the work in Chapter 3, we formulate some of the tools necessary
to prove, in Chapter 4, the new result that the circle space of an embeddable
spherical circle plane is homeomorphic to the 3-dimensional projective space
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minus one point. This investigation leads naturally to the task of classifying the
flag space of an embeddable spherical circle plane. In the latter part of Chapter
5, in another new result, we construct an explicit homeomorphism from the flag
space of an embeddable spherical circle plane to that of the classical flat Mo¨bius
plane; a topological description of the latter is then given. Curiously, a gap in
the literature was discovered during this process: Polster and Steinke [6] state
without any reference to a proof that the flag space of a general spherical circle
plane is a 4-dimensional manifold. So, to begin Chapter 5, we make a detour
beyond the realm of embeddable spherical circle planes to fill this hole and prove
the conjecture.
The techniques arising in the pursuit of constructing a homeomorphism be-
tween the flag spaces of an embeddable spherical circle plane and the classi-
cal flat Mo¨bius plane lead to a connection between spherical circle planes and
Rosehr’s [7] formulation of an isotopy between stable planes. In Chapter 6,
in our final new result, we provide an analogous definition of an isotopy be-
tween spherical circle planes and show that embeddable spherical circle planes
are, according to this definition, isotopy equivalent to the classical flat Mo¨bius
plane.
Because of the quantity of different maps and spaces introduced in the thesis,
we have included a list of symbols for the reader’s convenience.
1.2 Acknowledgements
It is with great pleasure that I acknowledge my supervisor, Dr. Gu¨nter Steinke,
whose guidance has been the backbone of this thesis. I would feel immensely
privileged if only a small fraction of his insight and creativity in formulating
conjectures, and ability to remain optimistic when one attack on a problem
fails, rubs off on me. Not only has Dr. Steinke supervised this thesis, but he
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has also supervised an Honours project and two summer projects of mine in the
last three years during my time as an undergraduate student at the University of
Canterbury. I am grateful, therefore, to have been able to rely on his mentorship
to help instill in me the skills of a research mathematician; it is only fair that
I now let new undergraduate students take advantage of his deep intellect and
voluminous generosity.
Chapter 2
Preliminaries
2.1 Preliminary Definitions
We begin by defining some important terminology that will arise in this thesis.
Most of the nomenclature is the same as that of [6], albeit slightly narrower to
minimally accommodate our specific considerations.
In this thesis a geometry will consist of a nonempty set called the point set
and either a set of lines or a set of circles. A line (circle) is a subset of the point
set containing at least three points1 that is uniquely determined by two (three)
distinct points.
Two or more points are said to be collinear (cocircular) if they are contained
in some line (circle); we often diverge from the strict language of sets and say,
for example, that a point lies on a circle, rather than is contained in a circle.
A point-line geometry is a pair (풫 ,ℒ), where 풫 is the point-set and ℒ is the set
of lines, such that any two distinct points lie on a uniquely determined line.
A point-circle geometry is a pair (풫 , 풞), where 풫 is the point-set and 풞 is the
1In this thesis, the term “point” shall, as usual, be a synonym for “element” in the context
of an arbitrary set and is not limited to elements of the point set of a geometry.
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set of circles, such that any three distinct points lie on a uniquely determined
circle. Furthermore, each circle contains at least three points and there are at
least two circles. When 풫 and 풞 have been suitably topologised, we refer to
the resulting spaces as the point space and circle space, respectively. We let
풫˜2 denote the quotient space of the product space 풫2 under the equivalence
relation
(x,y) ∼ (u,v)⇔ {(x,y) = (u,v) or (x,y) = (v,u)}.
If p ∈ 풫 and 퐶 ∈ 풞 with p ∈ 퐶, we call the ordered pair (p, 퐶) a flag. We
endow the set of flags
ℱ := {(p, 퐶) ⊆ 풫 × 풞 : p ∈ 퐶}
with the subspace topology with respect to 풫 × 풞, and call the resulting space
the flag space ℱ of (풫 , 풞).
A point-circle geometry (풫 , 풞) is called a Mo¨bius plane if for each circle
퐶 ∈ 풞 and any two distinct points p, q ∈ 풫 with p ∈ 풞 and q ∕∈ 풞, there is
precisely one circle 퐶′ containing p and q such that 퐶∩퐶′ = p. This additional
property of Mo¨bius planes is called the axiom of touching.
2.2 Topological Conventions
A topological space, that is, a set equipped with a topology2, shall be referred
to simply as a space. If 퐴 is a subset of a space 푋 , then 퐴 denotes its closure;
we denote its boundary 퐴∖퐴∘ by ∂퐴. We write 퐴푐 := 푋∖퐴; if 푌 is a space
homeomorphic to 푋 , we may write 푋 ≈ 푌 . We denote the identity mapping
푥 7→ 푥 on 푋 by id푋 .
A neighbourhood of an element 푥 ∈ 푋 is a subset of 푋 that contains an open
2See [5] for a definition.
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subset 퐵 such that 푥 ∈ 퐵. A neighbourhood basis for an element 푥 ∈ 푋 is a
collection 풩 of neighbourhoods of 푥 such that for any neighbourhood 푈 of 푥,
there is a neighbourhood 퐵 ∈ 풩 such that 퐵 ⊆ 푈 . An 푚-dimensional manifold
is a Hausdorff space 푋 with a countable basis (that is, 푋 is second countable)
such that each element 푥 ∈ 푋 has a neighbourhood that is homeomorphic to
an open subset of ℝ푚.
In a metric space3 (푋, 휌), denote the open ball of radius 푟 > 0 with centre
x by
ℬ휌(x, 푟) := {y ∈ 푋 : 휌(x,y) < 푟}.
If the choice of metric 휌 is clear we abbreviate this ℬ(x, 푟) := ℬ휌(x, 푟). Let
푑 ∈ ℕ. The Euclidean metric 휌푑 on ℝ푑 is that induced by the Euclidean norm
∣∣(푥1, 푥2, . . . , 푥푑)∣∣ :=
(
푑∑
푖=1
∣푥푖∣
) 1
푑
;
that is,
휌푑(x,y) = ∣∣x− y∣∣.
The d-sphere 핊푑푟 of radius 푟 is the boundary of ℬ휌푑+1(0, 푟), that is,
핊푑푟 = {x ∈ ℝ푑 : ∣∣x∣∣ = 푟}.
We shall frequently move between the Euclidean space ℝ푑+1 and the d-dimensional
projective space ℙ푑ℝ. Denote the linear span of a vector x ∈ ℝ푑+1∖0[4,5] by
[x] := {푘x : 푘 ∈ ℝ푑+1}.
3See [5] for a definition.
4When the value of 푑 is clear we denote the zero vector in ℝ푑 by 0.
5We adopt the abbreviation a for a singleton {a}.
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Whence
ℙ푑ℝ :=
{
[x] : x ∈ ℝ푑+1∖0};
we equip ℙ푑ℝ with the quotient topology on ℝ
푑+1∖0 defined by the map
휋푑 : ℝ
푑+1∖0→ ℙ푑ℝ : x 7→ [x].
This topology is precisely the topology induced by the metric
휚푑 : ℙ푑ℝ× ℙ푑ℝ→ ℝ≥0
given by
휚푑([x], [y]) = min
{∥∥∥ x∣∣x∣∣ + y∣∣y∣∣∥∥∥ , ∥∥∥ x∣∣x∣∣ − y∣∣y∣∣∥∥∥} ,
for x, y ∈ ℝ푑+1∖0 (cf. [6], pp. 430).
A sequence6 in ℙ푑ℝ is of the form ([x푛]), where (x푛) is a sequence in ℝ
푑+1∖0;
convergence in ℙ푑ℝ is given by:
[x푛]→ [x] if and only if 휚푑([x푛], [x])→ 0.
Let u = x∣∣x∣∣ and put u푛 =
x푛
∣∣x푛∣∣ for each 푛. Note that if u푛 → u in ℝ푑+1∖0,
then
min {∥u푛 + u∥ , ∥u푛 − u∥} ≤ ∣∣u푛 − u∣∣ → 0,
so [x푛]→ [x].
Proposition 2.2.1. Let ([x푛]) be a sequence in ℙ푑ℝ (for 푑 ∈ ℕ) and let x ∈
ℝ푑+1∖0. Let u = x∣∣x∣∣ and put u푛 = x푛∣∣x푛∣∣ for each 푛; suppose that (u푛) does not
converge to u in ℝ푑+1. Then there exist subsequences (u푚)푚∈푁1 , (u푚′)푚′∈푁1
6We adopt the abbreviation (푦푛) for a sequence (푦푛)푛∈ℕ, and write 푦푛 → 푦 as short-hand
for 푦푛
푛→∞
−−−−→ 푦.
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of (u푛) corresponding to the elements for which
∥u푚 − u∥ = 휚푑([x푚], [x])
and
∥u′푚 + u∥ = 휚푑([x′푚], [x]),
respectively, and where 푁1 and 푁2 partition ℕ. Furthermore, [x푛]→ [x] if and
only if
u푚 → u 푚→∞−−−−→ u and u푚′ 푚
′→∞−−−−→ −u
in ℝ푑+1.
Proof. If [x푛]→ [x], then we have
∥u푚 − u∥ = 휚푑([x푚], [x]) 푚→∞−−−−→ 0
and
∥u푚′ + u∥ = 휚푑([x푚′ ], [x]) 푚
′→∞−−−−→ 0.
That is, u푚
푚→∞−−−−→ u and u푚′ 푚
′→∞−−−−→ −u.
Conversely, suppose that u푚
푚→∞−−−−→ u and u푚′ 푙→∞−−−→ −u; let 휀 > 0. There
are 퐾,퐿 > 0 such that
∣∣v푚 − u∣∣ < 휀 and ∣∣w′푚 + u∣∣ < 휀
for all 푚 > 퐾 and 푚′ > 퐿, respectively. For each 푛 > max{퐾,퐿}, we therefore
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have that
휚푑([x푛], [x]) =
{ ∣∣u푚 − u∣∣ if 푛 = 푚 ∈ 푁1,
∣∣u푚′ + u∣∣ if 푛 = 푚′ ∈ 푁2
< 휀.
This shows that [x푛]→ [x].
Let p, q be distinct points in ℝ푑. Denote the open line segment between
them by
]p,q[ := {푡p+ (1 − 푡)q : 푡 ∈ (0, 1)};
denote the open ray emanating from the basepoint x ∈ ℝ푑 in the direction
u ∈ 핊21 by
ℛ(x,u) := {x+ 푘u : 푘 ∈ ℝ>0[7]},
and the line8 with a (non-unique) basepoint x ∈ ℝ푑 and direction [u] ∈ ℙ2ℝ by
퐿(x, [u]) := {x+ 푘u : 푘 ∈ ℝ}.
The closed analogues of these three objects are defined by taking the respective
closures. A convex set is a closed subset 퐴 of ℝ푑 (for some 푑 ∈ ℕ) with the
property that whenever p,q ∈ 퐴, the open (equivalently, closed) line segment
between p and q is contained in 퐴.
A plane 퐸 separatesℝ3, that is, ℝ3∖퐸 is not connected and has the connected
components 퐻1 and 퐻2. We call 퐻1 and 퐻2 (퐻1 and 퐻2) the open (closed)
half-spaces determined by 퐸.
7Denote ℝ>0 := {푥 ∈ ℝ : 푥 > 0}, and ℝ≥0,ℝ<0,ℝ≤0 analogously.
8Outside of the context of a prescribed point-line geometry, we use the term “line” in the
Euclidean sense.
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2.3 Embeddable Spherical Circle Planes
A spherical circle plane, abbreviated SCP, is a point-circle geometry whose point
set is homeomorphic to 핊21 and whose circles, as subsets of the point space, are
homeomorphic to 핊11.
We proceed to define the point-circle geometry (P,C) called an embeddable
spherical circle plane. The point space P is a subset of ℝ3 homeomorphic
to 핊21. Furthermore, P satisfies a “strict convexity” condition which we now
describe. By the Jordan-Brouwer separation theorem (Theorem A.1.13), ℝ3∖P
has two connected components: a bounded component B, and an unbounded
component. We impose the condition that the space B = P ∪B is convex (as
a subset of ℝ3) and also that any open line segment between two points in B is
contained in B. More generally, we say that a subset 퐴 of ℝ3 is strictly convex
if any line in ℝ3 intersects 퐴 in at most two points. Later it proves useful for
coordinatizing purposes to make the assumption that 0 ∈ B.
We define the circles of C to be precisely the intersections of planes in ℝ3
with P containing at least three points. Notice that we may then unambiguously
refer to (P,C) as the embeddable spherical circle plane with point set P.
For (푎, 푏, 푐) ∕= (0, 0, 0), we adopt the notation
퐸(푎, 푏, 푐, 푑) := {(푥1, 푥2, 푥3) : 푎푥1 + 푏푥2 + 푐푥3 = 푑}
for a plane in ℝ3. Since 퐸(푎, 푏, 푐, 푑) = 퐸(푎′, 푏′, 푐′, 푑′) if and only if [(푎, 푏, 푐, 푑)] =
[(푎′, 푏′, 푐′, 푑′)], with (푎, 푏, 푐), (푎′, 푏′, 푐′) ∕= (0, 0, 0), it is natural to identify planes
in ℝ3 with precisely the points of ℙ3ℝ∖po, where p표 := [(0, 0, 0, 1)]. The topol-
ogy on the set of planes is then identified with the subspace topology of ℙ3ℝ
accordingly.
Let us now confirm that (P,C) is a point-circle geometry by verifying that
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three distinct points of P uniquely determine a circle 퐶 ∈ C.
Let x, y, z be mutually distinct points of P. If x, y, z are collinear, then
the line in ℝ3 through them intersects P at three points — contradicting the
strict convexity of P. Thus x − y and x − z are linearly independent, so x,
y and z are contained uniquely in the plane 퐸(푎, 푏, 푐, 푑) and hence the circle
P ∩퐸(푎, 푏, 푐, 푑), where 9
(푎, 푏, 푐) = (x− y)⊠ (x− z) and
푑 = 푎푥1 + 푏푥2 + 푐푥3,
where ⊠ denotes the cross-product in ℝ3, .
2.3.1 ESCPs are SCPs
We now prove directly that an embeddable spherical circle plane is indeed a
spherical circle plane. As the point set P is homeomorphic to 핊21 by definition,
we are required to show that each circle of C is homeomorphic to 핊11.
Proposition 2.3.1. For each u ∈ 핊21, the open ray ℛ(0,u) intersects P at
exactly one point.
Proof. First suppose that ℛ(0,u)∩P = ∅. Since 0 ∈ B and B is open, there is
an 푟 > 0 such that the open ball ℬ(0, 푟) is contained in B. The connected ray
ℛ(0,u) has non-empty intersection with ℬ(0, 푟) and hence with B, so ℛ(0,u) ⊆
B. But ℛ(0,u) is unbounded, and B is bounded — a contradiction. Thus
ℛ(0,u) intersects P.
9If u lies on the plane through x, y and z, then using the point normal form of a plane,
n ⋅ (u− u0) = 0, with u0 = x and n = (x− y)⊠ (x− z), we have
0 =
(
(x− y)⊠ (x− z)
)
⋅ (u− x)
=
(
(x− y)⊠ (x− z)
)
⋅ u−
(
(x− y)⊠ (x− z)
)
⋅ x
= (푎, 푏, 푐) ⋅ u− 푑,
where (푎, 푏, 푐) := (x− y)⊠ (x− z) and 푑 = (푎, 푏, 푐) ⋅ x.
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Now, suppose that p and q are distinct points in ℛ(0,u) ∩ P with ∣∣p∣∣ <
∣∣q∣∣. Then p lies in the open line segment ]0,q[, which lies in B by the strict
convexity of P — contradicting that p ∈ P = B∖B. Hence ℛ(0,u) ∩ P is a
single point.
Proposition 2.3.2. A plane 퐸 in ℝ3 passing through the origin intersects P
at more than one point.
Proof. Let y ∈ 퐸∖{0}; put u = y∣∣y∣∣ . By Proposition 2.3.1, each of the open
rays ℛ(0,u) and ℛ(0,−u), which are contained in 퐸, intersect P at a unique
point. Furthermore, since ℛ(0,u) and ℛ(0,−u) do not intersect, we obtain two
distinct points of intersection ℛ(0,u) ∩P and ℛ(0,−u) ∩P.
Proposition 2.3.3. A plane 퐸 in ℝ3 intersects P at more than one point (that
is, non-trivially) if and only if 퐸 intersects B.
Proof. Firstly, if 퐸 intersects B at a point p, then by choosing p to be the origin
we have from Proposition 2.3.2 that 퐸 intersects P non-trivially. Conversely,
suppose that p and q are distinct points in 퐸 ∩P. Then the open line segment
]p,q[ lies in 퐸 ∩B by the strict convexity of P and of 퐸.
Theorem 2.3.4. Each circle 퐶 in the circle space C of an embeddable spherical
circle plane is homeomorphic to the unit circle 핊11.
Proof. Let 퐶 ∈ C, so 퐶 = 퐸 ∩P for some plane 퐸 intersecting P non-trivially.
By Proposition 2.3.3, we have that 퐸 ∩B ∕= ∅, so we may choose coordinates
so that 퐸 is the 푥푦 plane, that is, 퐸 = {(푥, 푦, 0) : 푥, 푦 ∈ ℝ}. In particular, the
origin 0 lies in 퐸 ∩B.
Now, define the map ℎ : 퐶 → 핊11 × 0 by
ℎ : x 7→ x∣∣x∣∣ .
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By Proposition 2.3.1, the open ray ℛ(0,u) intersects 퐶 = 퐸 ∩P at exactly one
point; let 푗 : 핊11 × 0→ 퐶 be the mapping
푗 : u× 0 7→ ℛ(0,u) ∩퐶.
For x ∈ 퐶 and putting x∣∣x∣∣ = u× 0, we have
x
ℎ7−→ u 푗7−→ ℛ(0,u) ∩퐶 = x.
For u ∈ 핊11,
u× 0 푗7−→ ℛ(0,u) ∩ 퐶 ℎ7−→ ℛ(0,u) ∩ 퐶∣∣ℛ(0,u) ∩ 퐶∣∣ = u× 0.
This shows that 푗 = ℎ−1, so ℎ is a bijection. Since 퐶 = 퐸 ∩ P is a closed
subset of the compact space P, it is compact. As 핊11 is Hausdorff, we obtain
from Theorem A.1.9 that ℎ is a homeomorphism.
This completes our direct proof that an embeddable spherical circle plane is
a spherical circle plane.
Chapter 3
ESCPs are Topological
Circle Planes
In this chapter we define the topology on the circle set of an embeddable spher-
ical circle plane and justify this choice. It is a fundamental notion in the field
of topological geometry that the topologies on the point and circle (or line) sets
should induce certain continuity properties on certain maps. Having decided
that the point space P is a subspace of ℝ3, we wish to show that our choice of
topology on C results in (P,C) satisfying these conditions, so in a sense is the
“correct” choice.
3.1 Topological Circle Planes
Associated with a point-circle geometry are two geometric operations: joining
three points by a circle, and intersecting two circles. Using the point and circle
sets, we can describe these operations as maps; upon toplogising the point and
circle sets, we can discuss the continuity of such maps.
15
16 Chapter 3. ESCPs are Topological Circle Planes
For a point-circle geometry (풫 , 풞), we denote
(풫3)∗ :=
{
(x,y, z) ∈ 풫3 : x, y and z are mutually distinct},
and
(풞2)∗ := {(퐶,퐷) ∈ 풞2 : 퐶 and 퐷 intersect at precisely two points}.
We can then define the joining map
훼 : (풫3)∗ → 풞
to be such that 훼(x,y, z) is the unique circle determined by (x,y, z) ∈ (풫3)∗.
The intersection map
훾 : (풞2)∗ → 푃˜ 2
is defined by
훾(퐶,퐷) = 퐶 ∩퐷.
With 풫 and 풞 suitably topologised, we say that the intersection map is stable
if, in addition to 훾 being continuous, the set (풞2)∗ is an open subset of 풞2. We
call a point-circle geometry (풫 , 풞) a topological circle plane if the point and
circle sets carry Hausdorff topologies, the joining map is continuous and the
intersection map is stable.
The following result is due to Strambach ([10], Corollary 2.8).
Theorem 3.1.1. Let (풫 , 풞) be a point-circle geometry, where 풫 is a connected
and 2-dimensional topological space. Then (풫 , 풞) is a spherical circle plane if
and only if it is a topological circle plane.
We verify that the forward direction of Theorem 3.1.1 does indeed hold for
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the case of embeddable spherical circle planes. Let (P,C) be an embeddable
spherical circle plane; then P ≈ 핊21 is Hausdorff, connected and 2-dimensional.
We show that the circle space is Hausdorff, the joining map is continuous and
the intersection map is stable.
3.2 The Topology on the Circle Set
Recall that the set of planes in ℝ3 is endowed with the topology identifying them
with the subspace ℙ3ℝ∖po of ℙ3ℝ, where p표 = [(0, 0, 0, 1)]: a plane 퐸(푎, 푏, 푐, 푑),
with (푎, 푏, 푐) ∕= (0, 0, 0), is identified with the element [(푎, 푏, 푐, 푑)] of ℙ3ℝ∖po.
Since each 퐶 ∈ C contains three non-collinear intersection points of a plane
in ℝ3 and P, there is a bijection between C and the set of planes in ℝ3 which
intersect P in at least three points. We choose the topology on C so that this
bijection is a homeomorphism, and henceforth regard C to be a subspace of
ℙ3ℝ∖po.
In Chapter 4 we shall derive a precise characterisation of C, but for now the
topological structures of P and C so far described will allow us to prove that
ESCPs are topological circle planes.
In particular, since ℙ3ℝ is Hausdorff ([8], Proposition 14.5), we have that C
is Hausdorff as well.
3.3 Continuity of the Joining Map
The joining map associated with (P,C) becomes
훼 : (P3)∗ → ℙ3ℝ : (x,y, z) 7→ [(푎, 푏, 푐, 푑)],
where 퐸(푎, 푏, 푐, 푑) is the unique plane in ℝ3 through x, y and z.
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Proposition 3.3.1. The joining map associated with an embeddable spherical
circle plane (P,C) is continuous.
Proof. Let x, y and z be mutually distinct points in P. Then x, y and z are
not collinear (by the strict convexity of P), so 퐸(푎, 푏, 푐, 푑) is given by
(푎, 푏, 푐) = (x− y)⊠ (x− z) and
푑 = 푎푥1 + 푏푥2 + 푐푥3,
where ⊠ denotes the cross-product in ℝ3. Hence (푎, 푏, 푐, 푑) depends continuously
on (x,y, z), so the map
푗˜ : (P3)∗ → ℝ4∖0 : (x,y, z) 7→ (푎, 푏, 푐, 푑)
is continuous. Whence the joining map 훼 = 휋3 ∘ 푗˜ is continuous.
3.4 Stability of the Intersection Map
The set
Δ =
{(
[(푎, 푏, 푐, 푑)], [(푎, 푏, 푐, 푑′)]
)
: (푎, 푏, 푐) ∈ ℝ3∖0; 푑, 푑′ ∈ ℝ}
corresponds to the pairs of planes in ℝ3 that do not intersect in a line, i.e., they
are either the same plane or are parallel. Hence (ℙ3ℝ∖po)2∖Δ corresponds to
the pairs of distinct planes that intersect (necessarily in a line).
Under our identification of circles with planes that non-trivially intersect
P, the space (C2)∗ of pairs of circles that intersect at precisely two points
corresponds to pairs of planes whose line of intersection intersects P at precisely
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two points (equivalently, intersects B). That is,
(C2)∗ = {(퐸,퐹 ) ∈ (ℙ3ℝ∖po)2∖Δ : ∣퐸 ∩ 퐹 ∩P∣ = 2}.
We subsequently endow (C2)∗ with the subspace topology of (ℙ3ℝ∖po)2∖Δ.
3.4.1 The Set of Intersecting Circles is Open
We proceed to show that (C2)∗ is open in C×C. Let
픸 := (ℝ3∖0)× ℝ.
Proposition 3.4.1. The restriction-corestriction
휋˜3 : 픸→ ℙ3ℝ∖po
: x× 푑 7→ [x× 푑]
of the canonical quotient map 휋3 : ℝ
4∖0→ ℙ3ℝ is a quotient map.
Proof. The subset
픸 = ℝ4∖{0× 푘 : 푘 ∈ ℝ}
is open in ℝ4∖0. Furthermore, 픸 = 휋−13 (ℙ3ℝ∖po), so 휋−13 (휋3(픸)) = 픸 and 픸 is
saturated1. It follows from Theorem A.1.3 that the restriction-corestriction 휋˜3
of 휋3 is a quotient map.
Lemma 3.4.2. The subset
(ℙ3ℝ∖po)2∖Δ
1A subset 퐴 ⊆ 푋 is saturated with respect to the quotient map 푝 : 푋 → 푌 if 퐴 =
푝−1
(
푝(퐴)
)
.
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is open in the product space (ℙ3ℝ∖po)2.
Proof. It suffices to show that Δ is closed in (ℙ3ℝ∖po)2. Let
푝 : 픸→ ℝ3∖0
: x× 푑 7→ x
be the continuous projection map. Let 푝˜ : ℙ3ℝ∖po → ℙ2ℝ be the map [x×푑] 7→
[x]; note that 푝˜ is well-defined since
[푘x× 푘푑] = [푚x×푚푑]⇐⇒ [푘x] = [푚x],
for 푑, 푘,푚 ∈ ℝ and x ∈ ℝ3∖0. From the commutative diagram
x× 푑 x
[x× 푑] [x]
휋˜3 휋2
푝
푝˜
and Theorem A.1.2, we see that 푝˜ is continuous and hence
푝˜× 푝˜ : (ℙ3ℝ∖po)2 → (ℙ2ℝ)2
is continuous. Now, since ℙ2ℝ is Hausdorff, the set
Δ˜ = {([x], [x]) : [x] ∈ ℙ2ℝ}
is a closed subset of (ℙ2ℝ)
2 (cf. Theorem A.1.11). Thus
Δ = (푝˜× 푝˜)−1(Δ˜)
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is closed in (ℙ3ℝ∖po)2.
We now give a topological formalism for the intersection of lines in ℝ3.
Since a line in ℝ3 is uniquely determined by a point on the line and a
direction, it is natural to topologise the set of lines L as the quotient space
of the product space ℝ3 × ℙ2ℝ as follows. Recall that we denote a line in ℝ3
through a point x and with direction u ∈ 핊21 by 퐿(x, [u]). Formally, we define
the quotient map
퐿 : ℝ3 × ℙ2ℝ→ L,
which performs the identification
퐿(p, [x]) = 퐿(q, [y])⇔ {[x] = [y] and q = p+ 푡x for some 푡 ∈ ℝ.}
Let 퐸 = [x×푑], 퐹 = [y×푒] be two distinct, intersecting planes2 in ℝ3. On their
line of intersection, the closest point b to the origin is equal to the intersection
point of the planes 퐸, 퐹 and the plane [x⊠y×0] through the origin with normal
x⊠y. The point b is thus given by3
b =
(푒x− 푑y)⊠ (x⊠y)
∣∣x⊠y∣∣2 .
Since a line 퐿(p, [x]) intersects B if and only if there is a 푡 ∈ ℝ such that
p+ 푡x ∈ B, the subspace LB of L, consisting of all the lines in ℝ3 that intersect
B, is given by
LB = 퐿(B× ℙ2ℝ).
Define the plane intersection map
휒 : (ℙ3ℝ∖po)2∖Δ→ ℝ3 × ℙ2ℝ
2Notice that we speak of planes in ℝ3 and points of ℙ3ℝ∖po interchangeably.
3See Goldman [1].
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by
([x× 푑], [y × 푒]) 7→
(
(푒x− 푑y)⊠ (x⊠y)
∣∣x⊠y∣∣2 , [x⊠y]
)
.
Then
휓 := 퐿 ∘ 휒 : (ℙ3ℝ∖po)2∖Δ→ L
maps a pair of distinct intersecting planes in ℝ3 to their line of intersection. We
shall establish the continuity of 휓 in order to deduce that (C2)∗ is open in C2;
to show that 휓 is continuous it suffices to show that 휒 is continuous.
Lemma 3.4.3. The plane intersection map, 휒, is continuous.
Proof. Denote the first and second coordinate functions of 휒 by
휒1 : (ℙ3ℝ∖po)2∖Δ→ ℝ3 and
휒2 : (ℙ3ℝ∖po)2∖Δ→ ℙ2ℝ,
respectively.
Since 픸 and 휋˜3(픸) = ℙ3ℝ∖po are locally compact and Hausdorff (being open
subsets of locally compact, Hausdorff spaces; cf. Theorem A.1.7), by Theorem
A.1.5 we have that
휋˜3 × 휋˜3 : 픸2 → (ℙ3ℝ∖po)2,
where 휋˜3 is as defined in Proposition 3.4.1, is a quotient map.
Let 휆1 : 픸
2 → ℝ3 be the map given by
휆1 : (x× 푑,y × 푒) 7→ (푒x− 푑y)⊠ (x⊠y)∣∣x⊠y∣∣2 .
Then 휆1 is well-defined, and is continuous by the continuity of the cross-product.
Then, since
휒1 ∘ (휋˜3 × 휋˜3) = 휆1,
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as in the commutative diagram:
(x × 푑,y × 푒) (푒x−푑y)⊠ (x⊠y)∣∣x⊠y∣∣2
([x× 푑], [y × 푒])
휋˜3 × 휋˜3
휆1
휒1
we obtain from Theorem A.1.1 that the coordinate function 휒1 is continuous.
Let 휆2 : 픸
2 → ℙ2ℝ be the map given by the composition of the projection,
cross product and 휋2 as follows:
휆2 : (x× 푑,y × 푒) 7→ (x,y) 7→ x⊠y 7→ [x⊠y].
As each map in this composition is continuous, so is 휆2. Hence, since
휒2 ∘ (휋˜3 × 휋˜3) = 휆2,
as in the commutative diagram:
(x × 푑,y × 푒) [x⊠y]
([x× 푑], [y × 푒])
휋˜3 × 휋˜3
휆2
휒2
we obtain from Theorem A.1.1 that the second coordinate function 휒2 is con-
tinuous.
This shows that 휒 is continuous.
Thus we have:
Proposition 3.4.4. The map 휓 : (ℙ3ℝ∖po)2∖Δ→ L defined by
휓 = 퐿 ∘ 휒 : ([x × 푑], [y × 푒]) 7→ 퐿
(
(푒x−푑y)⊠ (x⊠y)
∣∣x⊠y∣∣2 , [x⊠y]
)
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is continuous.
Now, from the definitions of (C2)∗, LB and the construction of 휓, we have
that (퐸,퐹 ) ∈ (C2)∗ if and only if 휓(퐸,퐹 ) ∈ LB, so
(C2)∗ = 휓−1(LB).
The next step, then, is to show that LB is open in L.
Proposition 3.4.5. The set LB of lines intersecting B is an open subset of the
space L of all lines in ℝ3.
Proof. By the definition of L, it suffices to show that 퐿−1(LB) is open in ℝ3 ×
ℙ2ℝ. Let (p, [x]) ∈ 퐿−1(LB). If p ∈ B then there is an 푟 > 0 such that
ℬ휌3(p, 푟) ⊆ B. Hence
푈 := ℬ휌3(p, 푟)× ℙ2ℝ
is an open subset in ℝ3 × ℙ2ℝ containing (p, [x]). Furthermore, 퐿(q, [y]) ∈ LB
for each q ∈ ℬ휌3(p, 푟) and any [y] ∈ ℙ2ℝ, since
q+ 0y = q ∈ ℬ휌3(p, 푟) ⊆ B.
Whence 퐿(푈) ⊆ LB, so 푈 ⊆ 퐿−1(LB).
Now suppose that p ∕∈ B. Then b = p + 푡x ∈ B for some 푡 ∕= 0; choose
푟 > 0 so that ℬ휌3(b, 푟) ⊆ B. Let
푈 := ℬ휌3(p, 푅)× ℬ휚2([x],
√
2(1− cos 휃0) ),
where
푅 := 12 ∣∣p− b∣∣ sin 휃0, and 휃0 := arctan 푟2∣∣p−b∣∣ .
Then 푈 is an open subset of ℝ3 × ℙ2ℝ containing (p, [x]); we show that 푈 ⊆
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퐿−1(LB). Let us first explain the choice of the radius
√
2(1− cos 휃0) with the
aid of Figure 3.4.1.1, which illustrates the various objects projected onto the
plane [p⊠b]⊥ in the generic case where p and b are linearly independent (one
can achieve this by changing the origin).4
2푅
휃0
p
b
ℬ휌3(p, 푅)∣∣p− b∣∣
∣∣p− b∣∣
2p− b
푟
0
x
Figure 3.4.1.1
Let [y] ∈ ℬ휚2([x],
√
2(1− cos 휃0) ); so
휚2([x], [y]) = min
{∥∥∥ x∣∣x∣∣ + y∣∣y∣∣∥∥∥ , ∥∥∥ x∣∣x∣∣ − y∣∣y∣∣∥∥∥} <√2(1− cos 휃0).
Let 휃 = arccos x⋅y∣∣x∣∣∣∣y∣∣ ; that is, the angle in [0,
휋
2 ] between the subspaces [x] and
[y]. Referring to Figure 3.4.1.2 and applying the cosine law, we have
cos 휃 =
12 + 12 − (휚2([x], [y]))2
2(1)(1)
=
2− (휚2([x], [y]))2
2
>
2−√2(1− cos 휃0)2
2
= cos 휃0,
so 휃 < 휃0.
4If 푊 is a linear subspace of ℝ푑 then 푊⊥ denotes its orthogonal subspace.
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휃
휚2([x], [y])
x
∣∣x∣∣
y
∣∣y∣∣ (or − y∣∣y∣∣)
x
y (or −y)
11
Figure 3.4.1.2
Thus the direction [y] of a line 퐿(q, [y]) with
[y] ∈ ℬ휚2([x],
√
2(1− cos 휃0) ) := 푉
makes an angle smaller than 휃0 with a line with direction [x] = [p− b].
With the aid of Figure 3.4.1.3, let us explain the choice of 푅 and 휃0: a line
with basepoint q in ℬ휌3(p, 푅) and direction [y] ∈ 푉 makes an angle of 휃 < 휃0
with [x] and consequently intersects ℬ휌3(b, 푟) ⊆ B.
휃0
p
b
ℬ휌3(p, 푅)
2p− b
q
휃
퐿(q, [y]) ∈ 퐿(푈)
Intersection point
with ℬ휌3(b, 푟) ⊆ B
0
x
Figure 3.4.1.3
This implies that 푈 ⊆ 퐿−1(LB). We deduce that 퐿−1(LB) is open in ℝ3×ℙ2ℝ
and hence that LB is open in 퐿(ℝ
3 × ℙ2ℝ) = L.
Theorem 3.4.6. The subset of pairs of intersecting circles (C2)∗ is open in
C2.
Proof. Combining Propositions 3.4.4 and 3.4.5, we have that (C2)∗ = 휓−1(LB)
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is open in (ℙ3ℝ∖po)2∖Δ. Thus, as (ℙ3ℝ∖po)2∖Δ is open in (ℙ3ℝ∖po)2 (Lemma
3.4.2), we further see that (C2)∗ is open in (ℙ3ℝ∖po)2. As (C2)∗ is contained
in C2, this means that (C2)∗ is open in the subspace C2 of (ℙ3ℝ∖po)2.
3.4.2 Continuity of the Intersection Map
For a line 퐿(p, [x]) ∈ L, if q = p + 푡x for some 푡 ∈ ℝ we write q ∈ 퐿(p, [x]).
We extend this notation so that for a subset 퐴 ⊆ ℝ3, we write
퐿(p, [x]) ∩ 퐴 := {p ∈ ℝ3 : p ∈ 퐿(p, [x]) and p ∈ 퐴}.
Let
(ℝ3 × ℙ2ℝ)∗ := {(p, [x]) ∈ ℝ3 × ℙ2ℝ : ∣퐿(p, [x]) ∩P∣ = 2}
denote the set of lines of ℝ3 that intersect P at precisely two points. We may
then decompose the intersection map 훾 as
훾 : (C2)∗
휒∣(C2)∗−−−−−−→ (ℝ3 × ℙ2ℝ)∗ 휇−→ P˜2,
where 휇 maps each point (p, [x]) of (ℝ3×ℙ2ℝ)∗ to the (unordered) pair of points
of intersection 퐿(p, [x]) ∩ P. Hence to complete the proof that 훾 is continuous
we need to show that 휇 is continuous.
We proceed to determine the metric structures of the domain and codomain
of 휇.
The product topology of ℝ3 × ℙ2ℝ is precisely the topology induced by the
product metric (cf. [4], pp. 67)
휎 : (ℝ3×ℙ2ℝ)2 → ℝ≥0
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given by
휎
(
(p, [x]), (q, [y])
)
= ∣∣p− q∣∣+ 휚2([x], [y]).
It follows that a sequence of points
(
(p푛, [x푛])
)
in ℝ3 × ℙ2ℝ converges to the
point (p, [x]) if and only if p푛 → p and [x푛] → [x]. Since a line 퐿(p, [x]) ∈ L
is uniquely determined by any basepoint q ∈ {p + 푡x : 푡 ∈ ℝ} and a direction
[x], if
(
(p푛, [x푛])
) → (p, [x]) we may therefore say that the sequence of lines
퐾푛 := 퐿(p푛, [x푛]) converges to 퐾 := 퐿(p, [x]), and write 퐾푛 → 퐾 (see Figure
3.4.2.1).
b
b
b
b
p푛
p퐾푛
퐾
[x푛]
[x]
Figure 3.4.2.1: Lines converging.
If (a푛) is a sequence in ℝ
3 such that a푛 ∈ 퐾푛 := 퐿(p푛, [x푛]) for each 푛, we
write (a푛) ∈ (퐾푛).
Let the topology on P˜2 =
{{x,y} : x,y ∈ P} be the quotient topology on
P2 defined by the quotient map Ω, which performs the identification
Ω(x,y) = Ω(u,v)⇔ {(x,y) = (u,v) or (x,y) = (v,u)}.
We show that this is precisely the topology induced by the metric
훽 : P˜2 × P˜2 → ℝ≥0
defined by
훽({x,y}, {u,v}) = min{∣∣x− u∣∣+ ∣∣y − v∣∣, ∣∣x − v∣∣ + ∣∣y − u∣∣}.
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We first show that, for each (x,y) ∈ P2,
Ω
(ℬ휌((x,y), 푟)) = ℬ훽(Ω(x,y), 푟),
where 휌 := 휌6 is the Euclidean metric on (ℝ
3)2. Let (u,v) ∈ ℬ휌
(
(x,y), 푟
)
.
Then
훽
(
Ω(x,y),Ω(u,v)
)
= min
{∣∣(x,y) − (u,v)∣∣, ∣∣(x,y) − (v,u)∣∣}
≤ ∣∣(x,y) − (u,v)∣∣ < 푟,
so Ω(u,v) ∈ ℬ훽
(
Ω(x,y), 푟
)
. Hence Ω
(ℬ휌((x,y), 푟)) ⊆ ℬ훽(Ω(x,y), 푟).
Conversely, let {u,v} ∈ ℬ훽
(
Ω(x,y), 푟
)
; then
min
{∣∣(x,y) − (u,v)∣∣, ∣∣(x,y) − (v,u)∣∣} < 푟
and so ∣∣(x,y) − (u,v)∣∣ < 푟 or ∣∣(x,y) − (v,u)∣∣) < 푟. That is, either (u,v) or
(v,u) lies in ℬ휌
(
(x,y)
)
, so
{u,v} = Ω(u,v) = Ω(v,u) ∈ Ω(ℬ휌((x,y), 푟)).
Hence
ℬ훽
(
Ω(x,y), 푟
) ⊆ Ω(ℬ휌((x,y), 푟))
and we obtain that ℬ훽
(
Ω(x,y), 푟
)
= Ω
(ℬ휌((x,y), 푟)).
Now, a subset 푈 is open in P˜2 with respect to the quotient topology if
and only if Ω−1(푈) is open in P2 with respect to the topology induced by 휌;
that is, if and only if for each (x,y) ∈ Ω−1(푈), there is an 푟 > 0 such that
ℬ휌
(
(x,y), 푟
) ⊆ Ω−1(푈). This holds if and only if for each Ω(x,y) ∈ 푈 , there is
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an 푟 > 0 such that
Ω
(ℬ휌((x,y), 푟)) = ℬ훽((x,y), 푟) ⊆ 푈 ;
that is, if and only if 푈 is open with respect to the topology induced by 훽.
Thus the quotient topology on P˜2 is precisely the topology induced by the
metric 훽. Therefore, for a sequence ({x푛,y푛}) in P˜2, we have
({x푛,y푛})→ {x,y} if and only if 훽
(
(x푛,y푛), (x,y)
)→ 0.
We now gather some information about the relationships between lines and
points on them, and between lines and points on their intersections with planes.
Lemma 3.4.7. Let (p푛, [x푛]) be a sequence in ℝ
3×ℙ2ℝ converging to the point
(p, [x]) ∈ ℝ3 × ℙ2ℝ. For each 푛, let 퐾푛 = 퐿(p푛, [x푛]); put 퐾 = 퐿(p, [x]), so
퐾푛 → 퐾. If a ∈ 퐾, then there is a sequence (a푛) ∈ (퐾푛) such that a푛 → a in
ℝ3.
Proof. Let a = p+ 푡x for some 푡 ∈ ℝ. Let u = x∣∣x∣∣ ; for each 푛, let u푛 = x푛∣∣x푛∣∣
and choose u˜푛 ∈ {u푛,−u푛} so that
∥u˜푛 − u∥ = min {∥u푛 + u∥ , ∥u푛 − u∥} ;
thence u˜푛 → u. Define the sequence (a푛) in ℝ3 by
a푛 = p푛 + 푡∣∣x∣∣u˜푛.
Then (a푛) ∈ (p푛, [x푛]) and
a푛 → p+ 푡∣∣x∣∣u = p+ 푡x = a.
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Lemma 3.4.8. Let (p푛, [x푛]) be a sequence in ℝ
3×ℙ2ℝ converging to the point
(p, [x]). Let 퐸 be a plane in ℝ3 that is orthogonal to the line 퐾 := 퐿(p, [x]).
Then there is an 푁 > 0 such that 퐾푛 := 퐿(p푛, [x푛]) intersects 퐸 at a unique
point for all 푛 > 푁 .
Proof. Choose p, q ∈ 퐾 so that they lie in distinct open half-spaces determined
by 퐸. Since 퐾푛 → 퐾, by Lemma 3.4.7 there are sequences (p푛), (q푛) ∈ (퐾푛)
such that p푛 → p and q푛 → q.
Firstly, suppose that 퐾푛 ∩ 퐸 = ∅ for infinitely many 푛. Then, since 퐸
separates ℝ3, there is a closed half-space 퐻 determined by 퐸 and a subsequence
(퐾푛푘) of (퐾푛) such that 퐾푛푘 ⊆ 퐻 for all 푘. But then p푛푘 and q푛푘 lie in
퐾푛푘 ⊆ 퐻 for all 푘 and so, since p푛푘 → p and q푛푘 → q, we have that p, q ∈ 퐻
— contradicting that p and q lie on opposite sides of 퐸.
Similarly, if 퐾푛 ⊆ 퐸 for infinitely many 푛, then there is a subsequence (퐾푛푘)
of (퐾푛) such that 퐾푛푘 ⊆ 퐸 for all 푘. So, as p푛푘 → p, we have that p ∈ 퐸 (as
퐸 is closed in ℝ3) — contradicting that p does not lie on 퐸.
Thus there is an 푁 > 0 such that, for all 푛 > 푁 : 퐾푛 does not lie on 퐸 and
is not parallel to 퐸, so intersects 퐸 at a unique point.
From Lemma 3.4.8 we may formulate the following.
Lemma 3.4.9. Let (p, [x]) ∈ ℝ3 × ℙ2ℝ and let 퐸 be a plane in ℝ3 that is
orthogonal to the line 퐾 := 퐿(p, [x]). Let (p푛, [x푛]) be a sequence in ℝ
3 × ℙ2ℝ
converging to (p, [x]) such that, for each 푛, 퐾푛 := 퐿(p푛, [x푛]) intersects 퐸 at a
unique point c푛. Then c푛 → c, where c = 퐾 ∩ 퐸.
Proof. Let u = x∣∣x∣∣ . For each 푛, let u푛 =
x푛
∣∣x푛∣∣ and choose u˜푛 ∈ {u푛,−u푛} so
that
∥u˜푛 − u∥ = min {∥u푛 + u∥ , ∥u푛 − u∥} ;
thence u˜푛 → u.
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Put 퐸 = {y ∈ ℝ3 : y ⋅ x + 푑 = 0} for some 푑 ∈ ℝ. For a line 퐿(q, [y])
intersecting 퐸, the point of intersection b := 퐿(q, [y]) ∩ 퐸 is found by solving
the system {
b ⋅ x+ 푑 = 0
b = q+ 푡y.
Substituting the latter equation into the former, we have (q + 푡y) ⋅ x + 푑 = 0,
so 푡 = −q⋅x+푑
y⋅x ; hence
b = q− q ⋅ x+ 푑
y ⋅ x y.
Furthermore, the mapping
(q, [y]) 7→ 퐿(q, [y]) ∩ 퐸
is well-defined since, for (q+ 푠y, [푘y]) ∈ 퐿(q, [y]), with 푠 ∈ ℝ and 푘 ∈ ℝ∖0, we
have
(q+ 푠y) − (q+ 푠y) ⋅ x+ 푑
(푘y) ⋅ x (푘y) = q+ 푠y −
q ⋅ x+ 푠y ⋅ x+ 푑
y ⋅ x y
= q+ 푠y − q ⋅ x+ 푑
y ⋅ x y − 푠
y ⋅ x
y ⋅ x y
= b.
Thus c푛 is given by
c푛 = 퐿(p푛, [x푛]) ∩퐸 = 퐿(p푛, [u˜푛]) ∩ 퐸
= p푛 − p푛 ⋅ u+ 푑
u˜푛 ⋅ u u˜푛,
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so
c푛 → p− p ⋅ u+ 푑
u˜ ⋅ u u˜
= 퐿(p, [u]) ∩ 퐸 = 퐿(p, [x]) ∩ 퐸 = c.
We also find that our definition of line convergence in ℝ3 induces continuity
on the joining of two points by a line.
Lemma 3.4.10. [Continuity of joining two points] Let (a푛), (b푛) be sequences
in ℝ3 converging to distinct points a, b, respectively. Then a푛 ∕= b푛 for 푛
sufficiently large and the sequence of lines (퐾푛), given by 퐾푛 = 퐿(a푛, [a푛−b푛])
for each 푛, converges to 퐾 := 퐿(a, [a− b]).
Proof. It suffices to show that (a푛, [a푛 − b푛])→ (a, [a − b]). Since a푛 → a, we
are left to show that [a푛−b푛]→ [a−b]. We have a푛−b푛 → a−b. If a푛 = b푛
for infinitely many 푛, denote the corresponding subsequences of (a푛) and (b푛)
by (a푛푘) and (b푛푘), respectively. Then
0 = a푛푘 − b푛푘 → a− b ∕= 0
— a contradiction. Hence there is an 푁 > 0 such that a푛 − b푛 ∕= 0 for all
푛 > 푁 , so a푛−b푛∣∣a푛−b푛∣∣ → a−b∣∣a−b∣∣ and
휚2([a푛 − b푛], [a− b]) = min
{∥∥∥ a푛−b푛∣∣a푛−b푛∣∣ + a−b∣∣a−b∣∣∥∥∥ , ∥∥∥ a푛−b푛∣∣a푛−b푛∣∣ − a−b∣∣a−b∣∣∥∥∥}
≤
∥∥∥ a푛−b푛∣∣a푛−b푛∣∣ − a−b∣∣a−b∣∣∥∥∥→ 0.
That is, [a푛 − b푛]→ [a− b].
We are now well-placed to prove that 휇 is continuous.
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Proposition 3.4.11. The map 휇 : (ℝ3 × ℙ2ℝ)∗ → P˜2 given by
(p, [x]) 7→ 퐿(p, [x]) ∩P
is continuous.
The following construction, which shall form part of the proof of Proposition
3.4.11, will be of use later, so we state it formally.
Proposition 3.4.12. Let
(
(p푛, [x푛])
)
be a sequence in (ℝ3×ℙ2ℝ)∗ converging
to the point (p, [x]). Let 퐸 be a plane perpendicular to the line 퐿(p, [x]). Then
there are planes 퐸1 and 퐸2, parallel to 퐸 and intersecting 퐿(p, [x]) at two
points in distinct components of ℝ3∖퐸. Moreover, there are closed half-spaces
퐻푖 (푖 = 1, 2) determined by 퐸푖, not containing 퐸, such that for sufficiently large
푛,
a˜푛 := 퐿(p푛, [x푛]) ∩P ∩퐻1,
b˜푛 := 퐿(p푛, [x푛]) ∩P ∩퐻2,
define sequences (a˜푛), (b˜푛), which satisfy:
(i) 퐿(p푛, [x푛]) ∩P = {a˜푛, b˜푛},
(ii) a˜푛 → a := 퐿(p, [x]) ∩P ∩퐻1, and
(iii) b˜푛 → b := 퐿(p, [x]) ∩P ∩퐻2.
Proof of Propositions 3.4.11 and 3.4.12. Let
(
(p푛, [x푛])
)
be a sequence in (ℝ3×
ℙ2ℝ)∗ converging to the point (p, [x]); put 퐾푛 = 퐿(p푛, [x푛]) for each 푛, and let
퐾 = 퐿(p, [x]). By the definition of (ℝ3 × ℙ2ℝ)∗, we may let {a,b} := 퐾 ∩ P
and {a푛,b푛} := 퐾푛 ∩P for each 푛.
We first show that for sufficiently large 푛, a푛 and b푛 lie in disjoint closed
half-spaces of ℝ3, each containing precisely one of a or b.
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Let 퐸 be a plane perpendicular to 퐾 that intersects 퐾 at a point c in ]a,b[ .
Since ]a,b[⊆ B, there is an open ball 푈 ⊆ B containing c. By removing finitely
many elements of (퐾푛) if necessary, from Lemma 3.4.8 we may assume that 퐸
intersects each 퐾푛 at a unique point. Let (c푛) be the corresponding sequence;
that is, c푛 = 퐾푛 ∩ 퐸 for each 푛. By Lemma 3.4.9, c푛 → c and so by removing
finitely many elements of (c푛) if necessary we may further assume that c푛 ∈ 푈
for each 푛.
Let 퐸1, 퐸2 be planes parallel to 퐸 chosen so that
퐸1 ∩퐾 ⊆ ]a, c[ ∩푈 and
퐸2 ∩퐾 ⊆ ]b, c[ ∩푈,
as shown in Figure 3.4.2.2.
퐾 퐾푛
a˜푛
c푛
b˜푛
a
c
b
퐸1
퐸
퐸2
퐻1
퐻2
Figure 3.4.2.2
Let 퐻푖 (푖 = 1, 2) be the closed half-space determined by 퐸푖 which does not
contain 퐸. Applying Lemmas 3.4.8 and 3.4.9 to 퐸푖 (푖 = 1, 2), for sufficiently
large 푛 we have that 퐾푛 ∩퐸푖 is a single point, and the sequence of such points
converges to 퐾 ∩ 퐸푖. As 퐾 ∩ 퐸푖 ∈ 푈 , for sufficiently large 푛 we thus have that
퐾푛∩퐸푖 ∈ 푈 ⊆ B. Thus, by removing finitely many 푛, we may assume that 퐾푛
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intersects P in 퐻1 and in 퐻2, so for each 푛 we may let
a˜푛 = 퐾푛 ∩P ∩퐻1,
b˜푛 = 퐾푛 ∩P ∩퐻2.
Note that {a˜푛, b˜푛} = {a푛,b푛} for each 푛. Now, since 퐾푛 ∩ 퐸1 and 퐾푛 ∩ 퐸2
lie on opposite sides of c푛 in ]a푛,b푛[, we have that 퐾푛 ∩ 퐸1 ∈]c푛, a˜푛[ and
퐾푛 ∩ 퐸2 ∈]c푛, b˜푛[ for all 푛. Noting that 퐾 ∩ 퐸1 ⊆ ]a, c[ and a does not lie in
](퐾 ∩ 퐸1), c[ ⊆ B, we have that a lies in the 퐻1. Similarly, we have b ∈ 퐻2.
Thus a and a˜푛 lie in 퐻1, and b and b˜푛 lie in 퐻2, for all 푛.
Finally, we show that any subsequence of (a˜푛) and any subsequence of (b˜푛)
converges to a and b, respectively.
Since a˜푛 ∈ P ∩퐻1 for all 푛 and P ∩퐻1 is compact, there is a subsequence
(a˜푛푘) of (a˜푛) converging to some point a˜ ∈ P ∩ 퐻1. Similarly we find a
convergent subsequence of (b˜푛), which without loss of generality we may label
(b˜푛푘), converging to a point b˜ ∈ P ∩퐻2.
Since 퐻1 and 퐻2 are disjoint, a˜ and b˜ are distinct and so by Lemma 3.4.10
we have
(a˜푛푘 , [a˜푛푘 − b˜푛푘 ]) 푘→∞−−−−→ (a˜, [a˜− b˜]);
hence
퐿(a˜푛푘 , [a˜푛푘 − b˜푛푘 ]) 푘→∞−−−−→ 퐿(a˜, [a˜− b˜]).
But 퐿(a˜푛푘 , [a˜푛푘 − b˜푛푘 ]) = 퐿(p푛푘 , [x푛푘 ]) for each 푘, and
퐿(p푛푘 , [x푛푘 ])
푘→∞−−−−→ 퐿(p, [x]) = 퐾,
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so 퐾 = 퐿(a˜, [a˜− b˜]). In particular, this implies that a˜ and b˜ lie on 퐾. Thus
a˜ ∈ 퐾 ∩P ∩퐻1 = {a,b} ∩퐻1 = a and
b˜ ∈ 퐾 ∩P ∩퐻2 = {a,b} ∩퐻2 = b.
Since (a˜푛푘) and (b˜푛푘) were arbitrary convergent subsequences of (a˜푛) and (b˜푛),
respectively, we obtain from Theorem A.1.10 that a˜푛 → a and b˜푛 → b. This
completes the proof of Proposition 3.4.12. Furthermore, we have (a˜푛, b˜푛) →
(a,b) and so
휇(p푛, [x푛]) = {a푛,b푛} = {a˜푛, b˜푛} → {a,b} = 휇(p, [x]).
This shows that 휇 is continuous and completes the proof of Proposition 3.4.11.
Whence we obtain the desired result:
Theorem 3.4.13. The intersection map 훾 : (C2)∗ → P˜2 is continuous.
This completes the verification that our choice of topology on the circle set
of an embeddable spherical circle plane does indeed induce a topological circle
plane.
We conclude this chapter by making use of Proposition 3.4.12 to show that
the map taking a pair (x,u) ∈ B × 핊21 to the point5 where the ray ℛ(x,u)
intersects P is continuous.
Proposition 3.4.14. The map
휂 : B× 핊21 → P : (x,u) 7→ ℛ(x,u) ∩P
is continuous.
5This point is unique; cf. Proposition 2.3.1.
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Proof. Let
(
(x푛,u푛)
)
be a sequence in B × 핊21 converging to a point (x,u) ∈
B × 핊21. Then (x푛, [u푛]) → (x, [u]) in B × ℙ2ℝ and so, letting 퐸 be a plane
perpendicular to the line 퐿(x, [u]) and intersecting 퐿(x, [u]) at x, we may apply
Proposition 3.4.12 (note that B× ℙ2ℝ ⊆ (ℝ3 × ℙ2ℝ)∗). Relabel 퐸1 and 퐸2 so
that
퐻1 ⊆ {y ∈ ℝ3 : y ⋅ (u− x) ≥ 0} and
퐻2 ⊆ {y ∈ ℝ3 : y ⋅ (u− x) ≤ 0};
see Figure 3.4.2.3.
Since x푛 → x and x lies in the open subset ℝ3∖퐻2, and since u푛 → u, by
removing finitely many 푛 if necessary we may assume that x푛 ∈ ℝ3∖퐻2 and
that u푛 ⋅ u > 0 for all 푛. Whence ℛ(x푛,u푛) ⊆ ℝ3∖퐻2 for each 푛.
x u p
퐸 퐸1
퐻1
퐸2
퐻2
Figure 3.4.2.3
Now,
p푛 := ℛ(x푛,u푛) ∩P︸ ︷︷ ︸
⊆ℝ3∖퐻2
⊆ 퐿(x푛, [u푛]) ∩P = { a˜푛︸︷︷︸
∈퐻1
, b˜푛︸︷︷︸
∈퐻2
},
so p푛 = a˜푛 for each 푛. Similarly,
p := ℛ(x,u) ∩P︸ ︷︷ ︸
⊆ℝ3∖퐻2
⊆ 퐿(x, [u]) ∩P = { a︸︷︷︸
∈퐻1
, b︸︷︷︸
∈퐻2
},
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so p = a.
Thus p푛 = a푛 → a = p; that is, 휂(x푛,u푛) → 휂(x,u). This shows that 휂 is
continuous.
Chapter 4
The Circle Space of an
ESCP
A spherical circle plane (풫 , 풞) that is also a Mo¨bius plane is called a flat Mo¨bius
plane. The embeddable spherical circle plane with point set 핊21 is a flat Mo¨bius
plane (see [6], 3.1.1), called the classical flat Mo¨bius plane.
The following result is due to Strambach [11].
Theorem. The circle space of a flat Mo¨bius plane is homeomorphic to ℙ3ℝ
with one point deleted.
In this chapter we show that Strambach’s classification extends1 to include
the case of embeddable spherical circle planes. That is:
Theorem. The circle space C of an embeddable spherical circle plane (P,C)
is homeomorphic to the 3-dimensional projective space minus one point.
1That this is indeed an extension will be verified at the end of this chapter.
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4.1 Characterising the Circle Space
It is useful to partition the planes of ℝ3 into those that contain the origin, and
those that do not. Note that under our identification of an element [x × 푑] of
ℙ3ℝ∖po with the plane 퐸(x× 푑) in ℝ3, we have
y ∈ [x× 푑] if and only if y ⋅ x = 푑.
It is of use, then, to consider separately planes of the form [u× 0], for u ∈ 핊21,
which are perpendicular to the vector u and contain the origin, and those of the
form [u× 푑], for u ∈ 핊21 and 푑 > 0, which are perpendicular to the vector u and
contain 푑u.
Again, let (P,C) be an embeddable spherical circle plane. We choose Carte-
sian coordinates for ℝ3 so that the origin 0 is a point in the bounded component
B of ℝ3∖P. For y ∈ ℝ3, let 퐻y denote the the particular open half-space de-
termined by [y × 0] given by
퐻y := {z ∈ ℝ3 : y ⋅ z > 0}.
Let u ∈ 핊21. Define the map
푔u : P ∩퐻u → ℝ≥0
to be such that, for each p ∈ P ∩ 퐻u, the value of 푔u(p) is the length of the
projection (p ⋅ u)u of p onto u. Noting that p ⋅ u ≥ 0, we have
푔u(p) = ∣p ⋅ u∣ = p ⋅ u.
The map 푔u is continuous by the continuity of the dot product. Hence, as
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P∩퐻u is compact (being a closed and bounded subset of ℝ3), so is 푔u(P∩퐻u).
Furthermore, since the open ray ℛ(0,u) intersects P ∩ 퐻u (by Proposition
2.3.1), there is a p ∈ P ∩퐻u such that 푔u(p) > 0. Thus 푔u attains a positive
maximum value on P ∩퐻u, so we may define the distance map
픣P : 핊
2
1 → ℝ>0
for P by
픣P(u) = max
p∈P∩퐻u
p ⋅ u.
The distance map will enable us to describe the planes in ℝ3 that intersect P
non-trivially; these are the circles of C.
Proposition 4.1.1. A plane 퐸(u× 푑), with u ∈ 핊21 and 푑 > 0, intersects P at
more than one point if and only if 푑 < 픣P(u).
Proof. Let x = 푑u. Firstly, suppose that ∣퐸(u × 푑) ∩ P∣ ≤ 1. By Proposi-
tion 2.3.3, 퐸(u × 푑) does not intersect B; let 퐽x be the open half-space in ℝ3
determined by 퐸(u× 푑) that contains B. Then
P ∩퐻x ⊆ 퐽x ∩퐻x,
so as q ⋅ u ≤ 푑 for all q ∈ 퐽x, we have
p ⋅ u ≤ 푑
for any p ∈ P ∩퐻x (see Figure 4.1.0.1). Thus
픣P(u) = max
p∈P∩퐻x
p ⋅ u ≤ 푑.
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x
p
퐻x 퐽x
u p ⋅ u
퐸(u× 0) 퐸(u× 푑)
Figure 4.1.0.1
Conversely, suppose that ∣퐸(u× 푑) ∩P∣ ≥ 2; let p and q be distinct points
in 퐸(u× 푑) ∩P. Let
y ∈ ]p,q[ ⊆ 퐸(u× 푑) ∩B
and choose 푟 > 0 so that ℬ(y, 푟) ⊆ B. The open ray
ℛ(y,u) = {y + 푘u : 푘 ∈ ℝ>0}
intersects P at y + 푘′u for some 푘′ ≥ 푟 > 0 (see Figure 4.1.0.2). Thus
y + 푘′u ∈ P ∩퐻x
and so, since y ∈ 퐸(u× 푑) implies that y ⋅ u = 푑 > 0, we have
픣P(u) ≥ ∣(y + 푘′u) ⋅ u∣ = y ⋅ u+ 푘′ > y ⋅ u = 푑.
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p
q
y
y + 푘′ x
∣∣x∣∣
0 x
Figure 4.1.0.2
Corollary 4.1.2. For each u ∈ 핊21, there is a unique point p ∈ P ∩ 퐻u such
that 픣P(u) = p ⋅ u.
Proof. Suppose there are two distinct points p and q in P ∩퐻u such that
픣P(u) = p ⋅ u = q ⋅ u.
Then p and q are distinct points of 퐸(u× 픣P(u)) ∩P, so by Proposition 4.1.1
we have the contradictory statement that 픣P(u) > 픣P(u).
Since the circles of C correspond precisely with the planes that intersect P
non-trivially, from Propositions 2.3.2 and 4.1.1 we obtain the following charac-
terisation of C.
Theorem 4.1.3. The circle space C of the embeddable spherical circle plane
(P,C) may be written
C =
{
[u× 0] : u ∈ 핊21
} ∪ {[u× 푑] : 0 < 푑 < 픣P(u), u ∈ 핊21},
where 픣P : 핊
2
1 → ℝ>0 is the distance map defined for P.
4.2 Continuity of the Distance Map
Our goal is to “stretch” the space of planes in ℝ3 that intersect P non-trivially
to the space of all planes in ℝ3, which is homeomorphic to ℙ3ℝ∖po. In order for
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this mechanism to be a homeomorphism, we will need that the distance map is
continuous.
Theorem 4.2.1. The distance map for P
픣P : 핊
2
1 → ℝ>0, 픣P(u) = max
p∈P∩퐻u
p ⋅ u
is continuous.
Proof. Write 픣 := 픣P. Let (u푛) be a sequence in 핊
2
1 converging to a point u ∈ 핊21.
Let 휀 > 0; we show that for sufficiently large 푛, ∣픣(u푛)− 픣(u)∣ < 휀.
We claim there is an 푟 > 0 such that for all y ∈ ℬ(u, 푟) ∩ 핊21 : the tangent
planes to 핊2
픣(u)+휀 with normal y do not intersect P, but the tangent planes to
핊2
픣(u)−휀 with normal y intersect P non-trivially.
Since B is bounded, there is an 푅˜ > 0 such that B ⊆ ℬ(0, 푅˜). Letting
p ∈ P ∩퐻u be the unique point for which 픣(u) = p ⋅ u (cf. Corollary 4.1.2), we
therefore have that p lies on the disc
퐷 := 퐸(u× 픣(u)) ∩ ℬ(픣(u)u, 푅),
where 푅 =
√
푅˜2 − 픣(u)2.
By radial symmetry it suffices to consider the various objects’ intersections
with the plane 푧 = 0; choose coordinates so that u = (1, 0, 0). See Figure
4.2.0.3.
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푅
−푅
핊2
픣(u)+휀핊
2
픣(u)−휀
퐸(u× 픣(u))
u0 픣(u)u
(0, 1, 0)
(1, 0, 0)
(0, 0, 1)
Figure 4.2.0.3
For 휃 ∈ (−휋2 , 0) ∪ (0, 휋2 ), let 푇휃 denote the tangent plane to 핊2픣(u)−휀 with
normal (cos 휃, sin 휃, 0). Then 푇휃 intersects the plane 퐸(u× 픣(u)) along the line
(픣(u),−푅(휃))× ℝ,
as shown in Figure 4.2.0.4, where
푅(휃) =
픣(u) cos 휃 − (픣(u)− 휀)
sin 휃
.
휃
휃
푅(휃)
−푅(휃)
핊2
픣(u)−휀
퐸(u× 픣(u))
0 픣(u)u
(0, 1, 0)
(1, 0, 0)
(0, 0, 1)
Figure 4.2.0.4
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Let 푇휃0 be the particular tangent plane for which 푅(휃0) = 푅. Note that
푅′(휃) = (픣(u)− 휀)
cos 휃 − 픣(u)
픣(u)−휀
sin2 휃
< (픣(u) − 휀)cos 휃 − 1
sin2 휃
≤ 0
for all 휃 ∈ (−휋2 , 0) ∪ (0, 휋2 ). Thus, for 0 < 휃 < 휃0, the corresponding tangent
planes 푇휃 intersect 퐸(u × 픣(u)) along the line (픣(u),−푅(휃)) × ℝ with 푅(휃) >
푅(휃0) = 푅.
Similarly, the tangent planes 푇휃 with −휃0 < 휃 < 0 intersect 퐸(u × 픣(u))
along the line (픣(u), 푅(휃)) × ℝ with 푅(휃) > 푅. By choosing 푟1 > 0 so that
ℬ(u, 푟1) ∩ 핊21 ⊆ {y ∈ 핊21 : ∣u ⋅ y∣ > cos 휃0},
for each y ∈ ℬ(u, 푟1) ∩ 핊21 we have that 퐸(y × (픣(u) − 휀)) does not intersect
퐸(u×픣(u)) inside 퐷. Thus 퐸(y×(픣(u)−휀)) separates 0 and p ∈ 퐷, in the sense
that the open line segment ]0,p[⊆ B must intersect it; hence 퐸(y× (픣(u)− 휀))
intersects P non-trivially by Proposition 2.3.3. Whence, by Proposition 4.1.1,
we have
픣(y) > 픣(u)− 휀.
We now find an 푟2 > 0 so that 픣(y) < 픣(u)+ 휀 for all y ∈ ℬ(u, 푟2)∩핊21. First
note that if
푅 ≤
√
(픣(u) + 휀)2 − 픣(u)2,
that is, 푅˜ ≤ 픣(u) + 휀, then 퐷 ⊆ ℬ(0, 픣(u) + 휀). So, for each y ∈ 핊21, the plane
퐸(y×(픣(u)+휀)) does not intersect B (see Figure 4.2.0.5); hence 픣(y) < 픣(u)+휀.
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푅˜
푅
−푅
퐸(y × (픣(u) + 휀))퐷
0 픣(u)u
(0, 1, 0)
(1, 0, 0)
(0, 0, 1)
Figure 4.2.0.5
Now suppose that
푅 >
√
(픣(u) + 휀)2 − 픣(u)2,
that is, 푅˜ > 픣(u) + 휀.
For 휃 ∈ (−휋2 , 0) ∪ (0, 휋2 ), let 퐺휃 denote the tangent plane to 핊2픣(u)+휀 with
normal (cos 휃, sin 휃, 0). Then 퐺휃 intersects the plane 퐸(u× 픣(u)) along the line
(픣(u), 푄(휃)) × ℝ,
as shown in Figure 4.2.0.6, where
푄(휃) =
(픣(u) + 휀)− 픣(u) cos 휃
sin 휃
.
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휃
휃
푄(휃)
−푄(휃)
핊2
픣(u)+휀
퐸(u× 픣(u))
0 픣(u)u
(0, 1, 0)
(1, 0, 0)
(0, 0, 1)
Figure 4.2.0.6
Let 퐺휃1 be the tangent plane for which 푄(휃1) = 푅. Note that since
푅 >
√
(픣(u) + 휀)2 − 픣(u)2,
we have 휃1 < 훿 <
휋
2 , where
cos 훿 =
픣(u)
픣(u) + 휀
.
Thus
푄′(휃) =
픣(u)− (픣(u) + 휀) cos 휃
sin2 휃
= (픣(u) + 휀)
cos 훿 − cos 휃
sin2 휃
< 0
for 0 < 휃 < 휃1. Therefore, for 0 < 휃 < 휃1, the corresponding tangent planes 퐺휃
intersect 퐸(u× 픣(u)) along the line (픣(u), 푄(휃)) × ℝ with 푄(휃) > 푄(휃1) = 푅.
Similarly, the tangent planes 퐺휃 with −휃1 < 휃 < 0 intersect 퐸(u × 픣(u))
along the line (픣(u), 푄(휃)) × ℝ with 푄(휃) > 푅. Whence, by choosing 푟2 > 0 so
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that
ℬ(u, 푟2) ∩ 핊21 ⊆ {y ∈ 핊21 : ∣u ⋅ y∣ > cos 휃1},
for each y ∈ ℬ(u, 푟2) ∩ 핊21 we have that 퐸(y × (픣(u) + 휀)) does not intersect
퐸(u × 픣(u)) inside 퐷. Thus 퐸(y × (픣(u) + 휀)) does not intersect P ⊆ ℬ(0, 푅˜),
so by Proposition 4.1.1 we have
픣(y) > 픣(u) + 휀.
Put 푟 := min (푟1, 푟2) > 0. Since u푛 → u, there is an 푁 > 0 such that u푛 ∈
ℬ(u, 푟) ∩ 핊21 for all 푛 > 푁 . Thus, for all 푛 > 푁 we have that
픣(u)− 휀 < 픣(u푛) < 픣(u) + 휀,
that is, ∣픣(u푛)− 픣(u)∣ < 휀; hence 픣(u푛)→ 픣(u). This shows that 픣 is continuous
at u and we deduce that 픣 is continuous on 핊21.
In later chapters we will need to ascertain the effect “shrinking” P down to
핊21 has on the circles of C. The map which takes each u ∈ 핊21 to the unique
point on P for which 픣P(u) = p ⋅ u (cf. Corollary 4.1.2) will help us to achieve
this. Let us formalise this map and show that it is continuous. Let
픥P : 핊
2
1 → P
be the maximal map for P, defined by
픥P(u) = 퐸(u× 픣P(u)) ∩P.
Theorem 4.2.2. The maximal map 픥P : 핊
2
1 → P for P is continuous.
Proof. Write 픣 := 픣P, 픥 := 픥P. Let (u푛) be a sequence in 핊
2
1 converging to the
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point u ∈ 핊21. Define the sequence (p푛) in P by
p푛 = 픥(u푛) = 퐸(u푛 × 픣(u푛)) ∩P
for each 푛, and let
p = 픥(u) = 퐸(u× 픣(u)) ∩P.
Since P is a compact subset of ℝ3, the sequence (p푛) has a subsequence (p푛푘)
converging in ℝ3 to a point q ∈ P. We show that q = p.
As p푛푘 ∈ 퐸(u푛푘 × 픣(u푛푘)) for each 푘, we have
0 = p푛푘 ⋅ u푛푘 − 픣(u푛푘) 푘→∞−−−−→ q ⋅ u− 픣(u)
by the continuity of 픣 and the dot product. Hence q ⋅ u − 픣(u) = 0 and so
q ∈ 퐸(u×픣(u)) — but q ∈ P, so qmust be the unique point 퐸(u×픣(u))∩P = p.
We thus have that
픥(u푛) = p푛 → p = 픥(u)
in ℝ3 as 푛→∞, which shows that 픥 is continuous.
4.3 The Homeomorphic type of the Circle Space
In this section we construct the desired “stretching” homeomorphism from the
set of planes in ℝ3 intersecting P non-trivially, to all of ℙ3ℝ∖po.
Define the mapping
휑 : [0, 1)→ [0,∞)
by
휑(푘) =
푘
1− 푘 .
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Then 휑 has the inverse mapping given by 휑−1(푘) = 푘1+푘 . As both 휑 and 휑
−1
are evidently continuous, we see that 휑 is a homeomorphism.
Lemma 4.3.1. The map
휙 : ℝ3∖0→ {x ∈ ℝ3∖0 : 1∣∣x∣∣ < 픣P( x∣∣x∣∣)}
given by
x 7→ 1
픣P
(
x
∣∣x∣∣
)
휑−1( 1∣∣x∣∣)
x
∣∣x∣∣
is a homeomorphism.
Proof. Let x ∈ ℝ3∖0; put u = x∣∣x∣∣ and 푑 = 1∣∣x∣∣ . First note that 휙 is well-defined
since
1
/∥∥∥ 1
픣P(u)휑−1(푑)
u
∥∥∥ = 픣P(u)휑−1(푑) < 픣P(u).
We claim that
휙−1 : x 7→ 1
휑
(
푑
픣P(u)
)u,
where u = x∣∣x∣∣ , 푑 =
1
∣∣x∣∣ , is the inverse mapping of 휙. Let x ∈ ℝ3∖0; put
u = x∣∣x∣∣ and 푑 =
1
∣∣x∣∣ . Then
x
휙7−→ 1
픣P(u)휑−1(푑)
u
휙−17−−→ 1
휑
(
픣P(u)휑−1(푑)
픣P(u)
)u = 1
푑
u = x.
Conversely, let x ∈ ℝ3∖0 such that 푑 < 픣P(u), where u = x∣∣x∣∣ and 푑 = 1∣∣x∣∣ .
Then
x
휙−17−−→ 1
휑
(
푑
픣P(u)
)u 휙7−→ 1
픣P(u)휑−1
(
휑
(
푑
픣P(u)
))u = 1
푑
u = x.
This verifies our claim.
Continuity of 휙 and 휙−1 follows by the continuity of 픣P (cf. Theorem 4.2.1),
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휑, 휑−1 and the mapping x 7→ 1∣∣x∣∣ . Thus 휙 is a homeomorphism.
Let
풴1 :=
{
[x× 0] : x ∈ ℝ3∖0},
풴2 :=
{
[x× 1] : x ∈ ℝ3∖0}.
Then 풴1 and 풴2 are disjoint and 풴1 ∪ 풴2 = ℙ3ℝ∖po. Recall that 휋3 : ℝ4∖0 →
ℙ3ℝ is the canonical quotient map x 7→ [x]. Since
휋−13 (풴1) = (ℝ3 × 0) ∩ (ℝ4∖0)
is closed in ℝ4∖0, we see that 풴1 is closed, and hence 풴2 is open, in ℙ3ℝ.
Furthermore, it is obvious that 풴1 ≈ ℙ2ℝ via the map [x× 0] 7→ [x].
The map 휉 : 풴2 → 핊2 × ℝ>0, given by
휉 : [y ×푚] 7→ ∣푚∣
푚
y
∣∣y∣∣ ×
∣푚∣
∣∣y∣∣
for y ∈ ℝ3∖0, 푚 ∕= 0, is well-defined; for 푙 ∕= 0:
[푙y × 푙푚] 7→ ∣푙푚∣
푙푚
푙y
∣∣푙y∣∣ ×
∣푙푚∣
∣∣푙y∣∣ =
∣푚∣
푚
y
∣∣y∣∣ ×
∣푚∣
∣∣y∣∣ .
So, as
휉 ∘ 휋3 : y ×푚 7→ ∣푚∣
푚
y
∣∣y∣∣ ×
∣푚∣
∣∣y∣∣
is continuous, 휉 is continuous. The inverse mapping of 휉, u × 푑 7→ [u × 푑], is
evidently also continuous. This shows that 풴2 ≈ 핊2 × ℝ>0.
Lemma 4.3.2. A sequence
(
z푛×1
∣∣z푛×1∣∣
)
in ℝ3∖0× ℝ converges to a point z×0∣∣z×0∣∣
if and only if z푛∣∣z푛∣∣ → z∣∣z∣∣ in ℝ3∖0 and 1∣∣z푛∣∣ → 0 in ℝ.
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Proof. Suppose that z푛×1∣∣z푛×1∣∣ → z×0∣∣z×0∣∣ ; then z푛∣∣z푛×1∣∣ → z∣∣z∣∣ and 1∣∣z푛×1∣∣ → 0.
The latter implies that
1√
∣∣z푛∣∣2+1
→ 0,
so ∣∣z푛∣∣ → ∞ — otherwise, if there is an 퐴 > 0 such that 0 < ∣∣z푛∣∣ < 퐴 for all
푛, then
1√
∣∣z푛∣∣2+1
> 1
퐴2+1 > 0
for all 푛. Hence 1∣∣z푛∣∣ → 0 and, in particular,
∣∣z푛∣∣
∣∣z푛×1∣∣ =
1√
1+
1
∣∣z푛∣∣2
→ 1.
We thus obtain that
∥∥∥∥ z푛∣∣z푛∣∣ − z∣∣z∣∣
∥∥∥∥ = ∥∥∥∥ z푛∣∣z푛∣∣ − z푛∣∣z푛 × 1∣∣
∥∥∥∥+ ∥∥∥∥ z푛∣∣z푛 × 1∣∣ − z∣∣z∣∣
∥∥∥∥
=
∥∥∥∥ z푛∣∣z푛∣∣ − ∣∣z푛∣∣∣∣z푛 × 1∣∣ z푛∣∣z푛∣∣
∥∥∥∥+ ∥∥∥∥ z푛∣∣z푛 × 1∣∣ − z∣∣z∣∣
∥∥∥∥
=
∣∣∣∣1− ∣∣z푛∣∣∣∣z푛 × 1∣∣
∣∣∣∣+ ∥∥∥∥ z푛∣∣z푛 × 1∣∣ − z∣∣z∣∣
∥∥∥∥
→ 0
as 푛→∞.
Conversely, suppose that z푛∣∣z푛∣∣ → z∣∣z∣∣ and 1∣∣z푛∣∣ → 0. Then
z푛 × 1
∣∣z푛 × 1∣∣ =
z푛
∣∣z푛 × 1∣∣ ×
1
∣∣z푛 × 1∣∣
=
1√
1 + 1∣∣z푛∣∣2
z푛
∣∣z푛∣∣ ×
1
∣∣z푛∣∣√
1 + 1∣∣z푛∣∣2
→ z∣∣z∣∣ × 0 =
z× 0
∣∣z × 0∣∣
as 푛→∞.
4.3. The Homeomorphic type of the Circle Space 55
Lemma 4.3.3. If the map 휏 : ℝ3∖0 → 휏(ℝ3∖0) ⊆ ℝ3∖0 is a homeomorphism,
then so is the map 풢 : 풴2 → 풢(풴2) ⊆ 풴2, which is given by
풢 : [x×푚] 7→ [휏( x
푚
)× 1] ,
for x ∈ ℝ3∖0, 푚 ∕= 0.
Proof. Note that 풢 is well-defined since, for 푙 ∕= 0:
풢([푙x× 푙푚]) = [휏( 푙x
푙푚
)× 1] = [휏( x
푚
)× 1] = 풢([x ×푚]).
Similarly, the mapping [x×푚] 7→ [휏−1( x
푚
)×1] is well-defined and readily seen to
be the inverse of 풢. Since the mapping 휈 : x×1 7→ 휏(x)×1 is a homeomorphism
(with inverse x× 1 7→ 휏−1(x) × 1), it follows from the commutative diagram
x× 1 휏(x) × 1
[x× 1] [휏(x) × 1]
휋3 휋3
휈
풢
and Theorem A.1.2 that 풢 is also a homeomorphism.
Lemma 4.3.4. Let 휏 : ℝ3∖0 → 휏(ℝ3∖0) ⊆ ℝ3∖0 be a homeomorphism such
that
휏(x)
∣∣휏(x)∣∣ =
x
∣∣x∣∣
for every x ∈ ℝ3∖0. Let ([x푛 × 0]), ([y푛 × 1]) be sequences in 풴1 and 풴2,
respectively. Let x, y ∈ ℝ3∖0.
(i) If [x푛 × 0]→ [x× 0], then [휏(x푛)× 0]→ [휏(x) × 0];
(ii) if [y푛 × 1]→ [y × 1], then [휏(y푛)× 1]→ [휏(y) × 1].
(iii) Suppose that 휏 also has the property that 1∣∣휏(z푛)∣∣ → 0 in ℝ for every
sequence (z푛) in ℝ
3∖0 such that 1∣∣z푛∣∣ → 0. If [y푛 × 1] → [y × 0], then
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[휏(y푛)× 1]→ [휏(y) × 0].
Proof. (푖) Let (u푛) be the sequence given by u푛 =
x푛
∣∣x푛∣∣ for each 푛. Then
x푛×0
∣∣x푛×0∣∣ = u푛 × 0 for each 푛 and x×0∣∣x×0∣∣ = u× 0, so
휚3([x푛 × 0], [x× 0]) = min{∣∣u푛 − u∣∣, ∣∣u푛 + u∣∣}.
Similarly, 휏(x푛)×0∣∣휏(x푛)×0∣∣ =
휏(x푛)
∣∣휏(x푛)∣∣ × 0 and
휏(x)×0
∣∣휏(x)×0∣∣ =
휏(x)
∣∣휏(x)∣∣ × 0. Hence, since
휏(x푛)
∣∣휏(x푛)∣∣ = u푛 and
휏(x)
∣∣휏(x)∣∣ = u, we have that
휚3([휏(x푛)× 0], [휏(x) × 0]) = min{∣∣u푛 − u∣∣, ∣∣u푛 + u∣∣}
= 휚3([x푛 × 0], [x× 0])→ 0
as 푛→∞.
(푖푖) This follows from the continuity of the map 휉 : [y × 1] 7→ [휏(y) × 1] (cf.
Lemma 4.3.3).
(푖푖푖) Suppose firstly that y푛×1∣∣y푛×1∣∣ →
y×0
∣∣y×0∣∣ . By Lemma 4.3.2, we have that
y푛
∣∣y푛∣∣ →
y
∣∣y∣∣ and
1
∣∣y푛∣∣ → 0. Applying the hypotheses on 휏 , we therefore have
휏(y푛)
∣∣휏(y푛)∣∣ =
y푛
∣∣y푛∣∣ →
y
∣∣y∣∣
and 1∣∣휏(y푛)∣∣ → 0, respectively. Hence, by Lemma 4.3.2,
휏(y푛)×1
∣∣휏(y푛)×1∣∣ →
y×0
∣∣y×0∣∣ , so
[휏(y푛)× 1]→ [y × 0].
On the other hand, suppose there are subsequences
(
y푚×1
∣∣y푚×1∣∣
)
,
(
y푚′×1
∣∣y푚′×1∣∣
)
of
(
y푛×1
∣∣y푛×1∣∣
)
, where 푁1 and 푁2 partition ℕ, such that
(
y푚 × 1
∣∣y푚 × 1∣∣
)
푚→∞−−−−→ y × 0∣∣y × 0∣∣
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and (
y푚′ × 1
∣∣y푚′ × 1∣∣
)
푚′→∞−−−−→ − y × 0∣∣y × 0∣∣ .
By similar arguments to those above we obtain that 1∣∣y푚∣∣ → 0, 1∣∣y푚′ ∣∣ → 0 and
so 1∣∣휏(y푚)∣∣ → 0, 1∣∣휏(y푚′)∣∣ → 0; also,
휏(y푚)
∣∣휏(y푚)∣∣ =
y푚
∣∣y푚∣∣
푚→∞−−−−→ y∣∣y∣∣ ,
휏(y푚′ )
∣∣휏(y푚′ )∣∣ =
y푚′
∣∣y푚′ ∣∣
푚′→∞−−−−→ − y∣∣y∣∣ .
By Lemma 4.3.2, we therefore have that
휏(y푚)× 1
∣∣휏(y푚)× 1∣∣
푚→∞−−−−→ y × 0∣∣y × 0∣∣ and
휏(y푚′ )× 1
∣∣휏(y푚′ )× 1∣∣
푚′→∞−−−−→ y × 0∣∣y × 0∣∣ .
That is, by Proposition 2.2.1, [휏(y푛)× 1]→ [y × 0].
The following map shall be of use throughout this thesis when we consider
“stretching” the set of planes in ℝ3.
Theorem 4.3.5. Let 휏 : ℝ3∖0 → 휏(ℝ3∖0) ⊆ ℝ3∖0 be a homeomorphism such
that
휏(x)
∣∣휏(x)∣∣ =
x
∣∣x∣∣ =
휏−1(x)
∣∣휏−1(x)∣∣
for every x ∈ ℝ3∖0. Furthermore, suppose that for any sequence (z푛) in ℝ3∖0
such that 1∣∣z푛∣∣ → 0, then 1∣∣휏(z푛)∣∣ → 0 and 1∣∣휏−1(z푛)∣∣ → 0 in ℝ.
Then the mapping 풯 : ℙ3ℝ∖po → 풯 (ℙ3ℝ∖po) ⊆ ℙ3ℝ∖po, defined on the
disjoint subsets 풴1 and 풴2 by
[x× 0] 7→ [x× 0],
[x× 1] 7→ [휏(x) × 1],
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respectively, is a homeomorphism.
Proof. Let (푌푛) be a sequence in ℙ3ℝ∖po converging to 푌 . If 푌 ∈ 풴2, since 풴2
is open we have that 푌푛 ∈ 풴2 for sufficiently large 푛. Writing 푌푛 = [x푛 × 1] for
each 푛, we have [x푛 × 1]→ [x× 1], and so by Lemma 4.3.4(푖푖):
풯 (푌푛) = [휏(x푛)× 1]→ [휏(x) × 1] = 풯 (푌 ).
Now suppose that 푌 ∈ 풴1; put 푌 = [x × 0]. If 푌푛 ∈ 풴1 for only finitely
many 푛, by removing these elements from the sequence and relabelling we have
푌푛 ∈ 풴2 for all 푛. Writing 푌푛 = [x푛 × 1] for each 푛, we have [x푛 × 1]→ [x× 0]
and so by Lemma 4.3.4(푖푖푖):
풯 (푌푛) = [휏(x푛)× 1]→ [휏(x) × 0] = 풯 (푌 ).
Suppose now that 푌푛 ∈ 풴1 for infinitely many 푛. If there is an 푁 > 0 such
that 푌푛 ∈ 풴1 for all 푛 > 푁 , putting 푌푛 = [x푛 × 0], we obtain from Lemma
4.3.4(i) that
풯 (푌푛) = [휏(x푛)× 0]→ [휏(x) × 0] = 풯 (푌 ).
On the other hand, let (푌푚)푚∈푁1 and (푌푚′)푚′∈푁2 be infinite subsequences
of (푌푛) corresponding to the elements in 풴1 and 풴2, respectively, where 푁1 and
푁2 partition ℕ. Let 푌푚 = [x푚 × 0], 푌푚′ = [x푚′ × 1] for each 푚 ∈ 푁1, 푚′ ∈ 푁2.
By parts (푖) and (푖푖푖) of Lemma 4.3.4, respectively, we have
풯 (푌푚) = [휏(x푚)× 0]→ [휏(x) × 0] = 풯 (푌 )
and
풯 (푌푚′) = [휏(x푚′ )× 1]→ [휏(x) × 0] = 풯 (푌 ).
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Let 휀 > 0. By the above, there are 퐾,퐿 > 0 such that 휚3(풯 (푌푚), 풯 (푌 )) < 휀
and 휚3(풯 (푌푚′), 풯 (푌 )) < 휀 for all 푚 > 퐾, 푚′ > 퐿. For each 푛 > max{퐾,퐿},
then, we have
휚3(풯 (푌푛), 풯 (푌 )) =
{
휚3(풯 (푌푚), 풯 (푌 )) if 푛 ∈ {푚 ∈ 푁1 : 푚 > 퐾}, or
휚3(풯 (푌푚′), 풯 (푌 )) if 푛 ∈ {푚′ ∈ 푁2 : 푚′ > 퐿}
< 휀,
so 풯 (푌푛)→ 풯 (푌 ). This shows that 풯 is continuous.
Replacing 휏 with 휏−1 in the definition of 풯 defines 풯 −1, and replacing 휏
with 휏−1 in the above proof shows that 풯 −1 is continuous. Whence 풯 is a
homeomorphism.
We are now in a position to give a homeomorphism from C to ℙ3ℝ∖po.
Proposition 4.3.6. The map
Φ˜ : ℙ3ℝ∖po →
{
[x× 0] : x ∈ ℝ3∖0} ∪ {[x× 1] : x ∈ ℝ3∖0, 1∣∣x∣∣ < 픣P( x∣∣x∣∣)}
defined on the disjoint subsets 풴1 and 풴2 by
id∣풴1 : [x× 0] 7→ [x× 0],
Φ : [x× 1] 7→ [휙(x) × 1],
respectively, is a homeomorphism.
Proof. Note that if (x푛) is a sequence in ℝ
3∖0 such that 푑푛 := 1∣∣x푛∣∣ → 0,
putting u푛 :=
x푛
∣∣x푛∣∣ we have
1
∣∣휙(x푛)∣∣ = 픣P(u푛)휑
−1(푑푛)→ 0
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and
1
∣∣휙−1(x푛)∣∣ = 휑
(
푑푛
픣P(u푛)
)
→ 0
as 푛 → 0. So in the statement of Theorem 4.3.5 we may take 휏 := 휙; then
풯 = Φ˜ is a homeomorphism, as required.
Letting u = x∣∣x∣∣ and 푑 =
1
∣∣x∣∣ in the statement of Proposition 4.3.6, we
obtain the desired classification of C:
Theorem 4.3.7. The circle space
C =
{
[u× 0] : u ∈ 핊21
} ∪ {[u× 푑] : 0 < 푑 < 픣P(u), u ∈ 핊21}
of the embeddable circle plane (P,C) is homeomorphic to ℙ3ℝ∖po.
4.4 An ESCP that is not a Flat Mo¨bius Plane
We conclude this chapter by constructing an embeddable spherical circle plane
(Q,G) that is not a flat Mo¨bius plane, and thus confirm that our classification
of the circle space is indeed a new result.
We give a point space Q ⊆ ℝ3 homeomorphic to 핊21 that is strictly convex
and find two distinct points p, q, a plane 퐹 (whose intersection with Q is a
circle of G) through q, and two different planes through p whose respective
intersections with Q intersect Q ∩ 퐹 at q only. Doing so violates the axiom of
touching.
Fix 푟 > 0 and define the space Q = Q(푟) to be the union, Q1(푟) ∪Q2(푟),
where
Q1(푟) := {(푥, 푦, 푧) ∈ ℝ3 : 푥2 + 푦2 + 푧2 = 1, 푥 ≥ 0},
Q2(푟) := {(푥, 푦, 푧) ∈ ℝ3 : (푥− 푟)2 + 푦2 + 푧2 = 푟2 + 1, 푥 ≤ 0}.
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That is, Q is made up of a hemisphere and a fitting cap of a larger sphere; see
Figure 4.4.0.7.
x
1
1
1
y
z
Q
1
Q
2
Figure 4.4.0.7: Q is the union of two portions of spheres, Q1 = Q(푟) and
Q2 = Q2(푟).
Let us first show that Q is homeomorphic to 핊21 and is strictly convex, so
that (Q,G) is indeed a particular case of an embeddable spherical circle plane.
Lemma 4.4.1. The map ℎ : Q→ 핊21 defined by
ℎ : (푥, 푦, 푧) 7→
{
(푥, 푦, 푧) 푥 ≥ 0;
(−
√
1− 푦2 − 푧2, 푦, 푧) 푥 ≤ 0,
is a homeomorphism.
Proof. We claim the inverse mapping ℎ−1 : 핊21 → Q is given by
ℎ−1 : (푥, 푦, 푧) 7→
{
(푥, 푦, 푧) 푥 ≥ 0;
(푟 −
√
푟2 + 1− 푦2 − 푧2, 푦, 푧) 푥 ≤ 0.
Note that ℎ is well-defined since, if (0, 푦, 푧) ∈ Q, then 푦2 + 푧2 = 1 and so
−
√
1− 푦2 − 푧2 = 0. Similarly, if (0, 푦, 푧) ∈ 핊21 then 푦2 + 푧2 = 1 and so 푟 −√
푟2 + 1− 푦2 − 푧2 = 0; hence ℎ−1 is also well-defined. Let us verify that ℎ ∘
ℎ−1 = idQ and ℎ−1 ∘ ℎ = id핊2
1
.
For (푥, 푦, 푧) ∈ Q, noting that if 푥 ≤ 0 then (푥 − 푟)2 + 푦2 + 푧2 = 푟2 + 1 and
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so 푥 = 푟 −
√
푟2 + 1− 푦2 − 푧2, we have
(푥, 푦, 푧)
ℎ7−→
{
(푥, 푦, 푧) 푥 ≥ 0;
(−
√
1− 푦2 − 푧2, 푦, 푧) 푥 ≤ 0,
ℎ−17−−→
{
(푥, 푦, 푧) 푥 ≥ 0;
(푟 −
√
푟2 + 1− 푦2 − 푧2, 푦, 푧) = (푥, 푦, 푧) 푥 ≤ 0.
Similarly, for (푥, 푦, 푧) ∈ 핊21, we have
(푥, 푦, 푧)
ℎ−17−−→
{
(푥, 푦, 푧) 푥 ≥ 0;
(푟 −
√
푟2 + 1− 푦2 − 푧2, 푦, 푧) 푥 ≤ 0,
ℎ−17−−→
{
(푥, 푦, 푧) 푥 ≥ 0;
(−√1− 푦2 − 푧2, 푦, 푧) = (푥, 푦, 푧) 푥 ≤ 0.
Define closed half-spaces 퐻≥0, 퐻≤0 in ℝ3 by
퐻≥0 := {(푥, 푦, 푧) ∈ ℝ3 : 푥 ≥ 0}
and
퐻≤0 := {(푥, 푦, 푧) ∈ ℝ3 : 푥 ≤ 0},
respectively. Since ℎ is continuous on each of the closed subsets Q ∩ 퐻≥0 and
Q∩퐻≤0 of Q, and since ℎ−1 is continuous on each of the closed subsets 핊21∩퐻≥0
and 핊21∩퐻≤0 of 핊21, we obtain from Theorem A.1.8 that ℎ and ℎ−1 are continuous
on Q and 핊21, respectively. Thus ℎ : Q→ 핊21 is a homeomorphism.
Lemma 4.4.2. The point space Q = Q1 ∪Q2 is strictly convex.
Proof. Let 퐹 = [(1, 0, 0)]⊥. Denote the line in ℝ3 passing through two distinct
points p, q by 푀p,q. That is,
푀p,q := 퐿(p, [p− q]).
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We wish to show that if p, q are two distinct points in Q, then the line 푀p,q
intersects Q at no other point.
∙ Case 1: Suppose that p, q ∈ Q1. Since Q ⊆ ℬ(0, 1) and because 퐻≥0 is
strictly convex, we have
푀p,q ∩Q ⊆푀p,q ∩ ℬ(0, 1) = ]p,q[⊆ 퐻≥0.
Therefore
푀p,q ∩Q ⊆ 퐻≥0 ∩Q = Q1
and the result follows from the strict convexity of 핊21.
Q1
Q2
1
−1
p
q
푀p,q
|
푟 −√푟2 + 1
|
1
(0, 0, 1)
(1, 0, 0)
(0, 1, 0)
Figure 4.4.0.8: An illustration of Case 1.
∙ Case 2: Suppose that p, q ∈ Q2. This is analogous to the previous case
because, similarly to 핊21, the space 핊
2√
푟2+1
is strictly convex.
∙ Case 3: Now suppose that p ∈ Q1 and q ∈ Q2. If 푀p,q ∩ 퐻≥0 intersects
Q1 at a point other than p, then because of the strict convexity of 핊
2
1, we must
have that 푀p,q intersects 퐹 outside the unit disc on 퐹 ,
D2 := {(0, 푦, 푧) : 푦2 + 푧2 < 1}.
But then 푀p,q cannot intersect Q2 — a contradiction. Hence 푀p,q intersects
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Q at p only. Similarly 푀p,q ∩퐻≤0 intersects Q2 at q only. Thus 푀p,q ∩Q =
{p,q}.
From Lemmas 4.4.1 and 4.4.2 we may therefore define the embeddable spher-
ical circle plane (Q,G) on Q.
We conclude by showing that (Q,G) is not a Mo¨bius plane.
Theorem 4.4.3. The embeddable spherical circle plane (Q,G) is not a Mo¨bius
plane.
Proof. Let p = (0, 0, 1). Consider the point q = (0, 1, 0) and the circle 퐶 =
Q ∩ 퐹 , where
퐹 := [(0, 0, 1)]⊥ = 퐸(0, 0, 1, 0).
The lines
퐿1 := 퐿(q, [(1, 0, 0)]) = {q+ (1, 0, 0)푡 : 푡 ∈ ℝ},
퐿2 := 퐿(q, [(1, 푟, 0)]) = {q+ (1, 푟, 0)푡 : 푡 ∈ ℝ}
are in 퐹 and intersect Q at q only; see Figure 4.4.0.9.
퐿1
퐿2
Q1
Q2
q
|
푟 −√푟2 + 1
|
1
(0, 1, 0)
(1, 0, 0)
(0, 0, 1)
Figure 4.4.0.9
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The planes
퐹1 = {q+ (p− q)푠+ (1, 0, 0)푡 : 푠, 푡 ∈ ℝ},
퐹2 = {q+ (p− q)푠+ (1, 푟, 0)푡 : 푠, 푡 ∈ ℝ}
intersect 퐹 along 퐿1 and 퐿2, respectively, and hence intersect 퐶 at q only.
Furthermore, q lies on Q ∩ 퐹1 and Q ∩ 퐹2. See Figure 4.4.0.10.
Thus: we have a point q on a circle 퐶, a point p not on 퐶, and two different
circles Q∩퐹1, Q∩퐹2 through p and intersecting 퐶 at q only. This means that
(Q,G) is not a Mo¨bius plane.
y
x
z
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1
2
L
L
1
1
q
p
F
F
1
2
Figure 4.4.0.10: Two different tangent planes.
Chapter 5
The Flag Space
In the first part of this chapter we prove that the flag space of a (general, not
necessarily embeddable) spherical circle plane is a 4-dimensional manifold. This
result is stated but not proved1 in the literature. In the second part, in analogy
to our classification of the circle space of an embeddable spherical circle plane,
we give a classification of its flag space, which is a new result.
5.1 Manifold Property of the Flag Space
The following is stated without proof in [6] (cf. [6], Proposition 3.2.17):
Theorem 5.1.1. The flag space ℱ of a spherical circle plane is a 4-dimensional
manifold.
To prove this, we use the following characterisation of spherical circle planes,
as outlined in [6], Subsection 3.2.1.
1As far the author and his supervisor are aware.
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5.1.1 Characterisation via Derived Planes
The derived plane of a spherical circle plane (풫 , 풞) at a point p ∈ 풫 is the
point-line geometry (풫∖p,ℒ), where ℒ consists of all the circles in 풞 passing
through p but punctured at p. Each line in ℒ is a closed subset of 풫∖p and is
homeomorphic to ℝ; any two distinct points of 풫∖p uniquely determine a line.
Since 풫 ≈ 핊21, we have that 풫∖p ≈ ℝ2.[2]
Of interest to us, however, is that the mapping from a spherical circle plane to
its derived plane induces a homeomorphism from the circles in 풞 not containing
p to curves in ℝ2 which are homeomorphic to 핊11 and each have the property
that any line in ℝ2 intersects them in at most two points. Let 풞ˆ denote the
collection of such curves obtained from 풞 under the homeomorphism P∖p ≈ ℝ2;
we henceforth refer to the curves in 풞ˆ as circles of 풞ˆ. Denote 풫ˆ := ℝ2. In this
way, by deleting a distant point from 풫 , we may locally view a spherical circle
plane in the ℝ2 plane.
Recall that a flag is an ordered pair (p, 퐶) where p ∈ 풫 and 퐶 ∈ 풞 with
p ∈ 퐶. Given a flag (p, 퐶) ∈ ℱ , a point q ∕= p and a circle 퐷 ∕= 퐶, since
풫 ≈ 핊21 and 풞 are Hausdorff3, a neighbourhood of (p, 퐶) in (풫∖p× 풞∖퐷) ∩ ℱ
is a neighbourhood of (p, 퐶) in ℱ . This means we may use the derived plane
characterisation to show that ℱ is a 4-dimensional manifold. In the remainder
of this section we consider points to lie in 풫ˆ and circles to be those in 풞ˆ. Denote
the flag space associated with (풫ˆ, 풞ˆ) by ℱˆ .
Let 훼ˆ : (풫ˆ3)∗ → 풞ˆ denote the joining map induced by 훼. Let Ωˆ : 풫ˆ2 → ˜ˆ풫2
be the quotient map performing the identification
Ωˆ(x,y) = Ωˆ(u,v)⇔ {(x,y) = (u,v) or (x,y) = (v,u)},
2In the literature, a point-line geometry with point and line sets having these properties is
called an ℝ2-plane.
3The circle space of a spherical circle plane is a 3-dimensional manifold; cf. [6], Proposition
3.2.14.
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and let 훾ˆ : (풞ˆ2)∗ → ˜ˆ풫2 denote the intersection map induced by 훾. These
maps inherit the properties associated with a topological circle plane, namely,
continuity of joining and stability of intersection.
We shall need the following.
Lemma 5.1.2 ([10], Theorem 2.5). Given a spherical circle plane (풫 , 풞), the
connected components of the complements of circles that contain a point p form
a neighbourhood basis of p.
Lemma 5.1.3 ([6], Theorem 3.2.2). Two distinct circles 퐶,퐷 of a spherical
circle plane intersect in at most two points. If they intersect in two points p1
and p2, then they intersect transversally at these points. That is, for 푖 = 1, 2,
there are neighbourhoods 푈푖 of p푖 and homeomorphisms 푓푖 : 푈푖 → ℝ2 such that
푓푖(퐶 ∩ 푈푖) = ℝ× 0 and 푓푖(퐷 ∩ 푈푖) = 0× ℝ.
We devote the remainder of this section to proving Theorem 5.1.1.
Let (p, 퐶) ∈ ℱˆ and choose 푟 > 0 so that 퐶 is not contained in ℬ(p, 푟). Ap-
plying Lemma 5.1.2 to the neighbourhood ℬ(p, 푟) of p, there is a circle 퐷 ∈ 풞ˆ
and a connected component 퐵 of 퐷푐 such that p ∈ 퐵 ⊆ ℬ(p, 푟). Note that,
since ℬ(p, 푟) is bounded, by the Jordan-Brouwer separation theorem (Theorem
A.1.13) 퐵 is necessarily the bounded component of 퐷푐; see Figure 5.1.1.1. Fur-
thermore,퐷 intersects 퐶 at precisely two points p1 and p2. Therefore, in light of
Lemma 5.1.3, there are neighbourhoods 푈1, 푈2 of p1 and p2 in 풫ˆ, respectively,
such that 퐼1 := 푈1 ∩퐷 and 퐼2 := 푈2 ∩퐷 are disjoint and each homeomorphic
to ℝ.
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퐷
퐵
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퐼2p2
p
Figure 5.1.1.1
Lemma 5.1.4. The quotient map Ωˆ : 풫ˆ2 → ˜ˆ풫2 is an open map.
Proof. It suffices to show that if 푋 , 푌 are open subsets of 풫ˆ , then Ωˆ(푋 × 푌 ) is
open in
˜ˆ풫2. By the definition of Ωˆ, we have Ωˆ(푋 × 푌 ) = Ωˆ(푌 ×푋), so
Ωˆ(푋 × 푌 ) = Ωˆ((푋 × 푌 ) ∪ (푌 ×푋)).
And clearly
Ωˆ−1
(
Ωˆ
(
(푋 × 푌 ) ∪ (푌 ×푋))) = (푋 × 푌 ) ∪ (푌 ×푋).
Hence
Ωˆ−1
(
Ωˆ(푋 × 푌 )) = (푋 × 푌 ) ∪ (푌 ×푋)
is open in 풫ˆ2, so Ωˆ(푋 × 푌 ) is open in ˜ˆ풫2.
Lemma 5.1.5. The restriction-corestriction
휔ˆ := Ωˆ∣퐼1×퐼2 : 퐼1 × 퐼2 → Ωˆ(퐼1 × 퐼2) =: 퐼˜1 × 퐼2
of Ωˆ is a homeomorphism.
Proof. Since 휔ˆ is a restriction-corestriction of the continuous map Ωˆ, it is con-
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tinuous and surjective. Let us now verify that the inverse map
휔ˆ−1 : 휔ˆ(x,y) = {x,y} 7→ (x,y)
is well-defined. Let (x,y), (u,v) ∈ 퐼1 × 퐼2 be such that 휔ˆ(x,y) = 휔ˆ(u,v).
Then, as 퐼1 and 퐼2 are disjoint, we have
(x,y) ∈ {(u,v), (v,u)} ∩ (퐼1 × 퐼2) = (u,v);
hence 휔ˆ−1 is well-defined.
Lastly, we verify that 휔ˆ−1 is continuous. Suppose that ({x푛,y푛}) is a se-
quence in 퐼˜1 × 퐼2 converging to an element {x,y}, where x ∈ 퐼1, y ∈ 퐼2. For
each 푛, (x푛,y푛) is exactly one of
({x푛,y푛} ∩ 퐼1, {x푛,y푛} ∩ 퐼2) or ({x푛,y푛} ∩ 퐼2, {x푛,y푛} ∩ 퐼1),
so we may define a sequence ({x′푛,y′푛}) in 퐼˜1 × 퐼2 by
x′푛 = {x푛,y푛} ∩ 퐼1, y′푛 = {x푛,y푛} ∩ 퐼2.
Then {x′푛,y′푛} = {x푛,y푛} for each 푛 and, moreover, (x′푛,y′푛) → (x,y) as
푛→∞. Thus
휔ˆ−1({x푛,y푛}) = 휔ˆ−1({x′푛,y′푛}) = (x′푛,y′푛)→ (x,y) = 휔ˆ−1({x,y}),
and we deduce that 휔ˆ−1 is continuous. Hence 휔ˆ is a homeomorphism.
We continue to use the notation depicted in Figure 5.1.1.1. Choose 푟′ > 0
so that 푈 := ℬ(p, 푟′) lies in 퐵 (which is a neighbourhood of p in 풫ˆ); see Figure
5.1. Manifold Property of the Flag Space 71
5.1.1.2. Recall that the intersection map
훾ˆ : (풞ˆ2)∗ → ˜ˆ풫2 : (퐶1, 퐶2) 7→ 퐶1 ∩퐶2
is continuous. Define the map
훾ˆ퐷 : {퐶′ ∈ 풞ˆ : ∣퐶′ ∩퐷∣ = 2} → Ωˆ(퐷2)
by
훾ˆ퐷(퐶
′) = 퐷 ∩ 퐶′.
Note that 훾ˆ퐷 is the composition of 훾ˆ with the inclusion map 퐶
′ 7→ (퐶′, 퐷), so
is continuous. Let
푉 := 훾ˆ−1퐷 (퐼˜1 × 퐼2) ⊆ 풞ˆ.
We proceed to show that (푈 × 푉 )∩ ℱˆ is a neighbourhood of (p, 퐶) in ℱˆ and is
homeomorphic to ℝ4.
퐶
퐷 퐼1
p1
퐼2p2
푈
p
Figure 5.1.1.2
Proposition 5.1.6. The subset (푈 ×푉 )∩ℱˆ is a neighbourhood of (p, 퐶) in ℱˆ .
Proof. Since 훾ˆ퐷(퐶) = 퐷 ∩ 퐶 ∈ 퐼˜1 × 퐼2, we have 퐶 ∈ 훾ˆ−1퐷 (퐼˜1 × 퐼2) = 푉 . So, as
p ∈ ℬ(p, 푟′) = 푈 , we have (p, 퐶) ∈ 푈 × 푉 .
We now verify that 푈 × 푉 is open in 풫ˆ × 풞ˆ. Clearly 푈 is open in 풫ˆ .
72 Chapter 5. The Flag Space
In order to show that 푉 is open in 풞ˆ, we first show that
퐼˜1 × 퐼2 = Ωˆ(퐼1 × 퐼2) = Ωˆ(푈1 × 푈2) ∩ Ωˆ(퐷2).
On the one hand, Ωˆ(퐼1 × 퐼2) ⊆ Ωˆ(푈1 × 푈2) ∩ Ωˆ(퐷2) because 퐼1 × 퐼2 = (푈1 ×
푈2) ∩퐷2.
Conversely, let {x,y} ∈ Ωˆ(푈1 × 푈2) ∩ Ωˆ(퐷2). Then (x,y) ∈ {(u,v), (v,u)}
for some u ∈ 푈1, v ∈ 푈2 such that {u,v} ∈ Ωˆ(퐷2). That is, (x,y) ∈
{(u,v), (v,u)} for some u ∈ 푈1 ∩ 퐷 = 퐼1, v ∈ 푈2 ∩ 퐷 = 퐼2. Hence Ωˆ(x,y) ∈
Ωˆ(퐼1 × 퐼2) and we deduce that Ωˆ(푈1 × 푈2) ∩ Ωˆ(퐷2) ⊆ Ωˆ(퐼1 × 퐼2).
Now, since Ωˆ is an open map (Lemma 5.1.4), Ωˆ(푈1 × 푈2) is open in Ωˆ(풫ˆ2).
Thus
퐼˜1 × 퐼2 = Ωˆ(푈1 × 푈2) ∩ Ωˆ(퐷2)
is open in the subspace Ωˆ(퐷2). By the continuity of 훾ˆ퐷, then, we obtain that
푉 = 훾ˆ−1퐷 (퐼˜1 × 퐼2) is open in {퐶′ ∈ 풞ˆ : ∣퐶′ ∩퐷∣ = 2}.
Now, if 퐶′ ∈ 풞ˆ such that ∣퐶′ ∩퐷∣ = 2, by the stability of intersection there
are open neighbourhoods 푊1 of 퐶
′ and 푊2 of 퐷 such that any two circles from
these neighbourhoods intersect in 2 points. In particular, since 퐷 ∈ 푊2, all
circles in 푊1 intersect 퐷 in 2 points. This shows that {퐶′ ∈ 풞ˆ : ∣퐶′ ∩퐷∣ = 2}
is open in 풞ˆ and we deduce that 푉 is open in 풞ˆ. This completes our proof that
푈 × 푉 is open in 풫ˆ × 풞ˆ.
Lemma 5.1.7. The map
Λ : 푈 × 퐼1 × 퐼2 → (푈 × 푉 ) ∩ ℱˆ
: (x,y, z) 7→ (x, 훼ˆ(x,y, z))
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is a homeomorphism, with inverse
Λ−1 : (푈 × 푉 ) ∩ ℱˆ → 푈 × 퐼1 × 퐼2
: (x, 퐸) 7→ (x, 휔ˆ−1(훾ˆ퐷(퐸))).
Proof. Let us first verify that Λ is well-defined. Let (x,y, z) ∈ 푈 × 퐼1 × 퐼2.
Since 푈 , 퐼1 and 퐼2 are mutually disjoint, x, y and z are mutually distinct and
so 훼ˆ(x,y, z) is a circle; hence (x, 훼ˆ(x,y, z)) ∈ ℱˆ . Furthermore, since
{y, z} ⊆ 훼ˆ(x,y, z) ∩퐷,
we have
훾ˆ퐷(훼ˆ(x,y, z)) = 훾ˆ(퐷, 훼ˆ(x,y, z)) = {y, z} ∈ 퐼˜1 × 퐼2,
and thus
훼ˆ(x,y, z) ∈ 훾ˆ−1퐷 (퐼˜1 × 퐼2) = 푉.
This shows that (x, 훼ˆ(x,y, z)) ∈ (푈 × 푉 ) ∩ ℱˆ , so Λ is well-defined.
Since Λ = 푝1× 훼ˆ, where 푝1 : (x,y, z) 7→ x is the continuous projection map,
we see that Λ is continuous.
That Λ−1 maps into 푈 × 퐼1× 퐼2 is immediate from the definitions of 훾ˆ퐷 and
푉 . Since
Λ−1 = 푝′1 × (휔ˆ−1 ∘ 훾ˆ퐷),
where
푝′1 : (x, 퐶) 7→ x
is the continuous projection map, we see that Λ−1 is continuous.
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Finally, we verify that Λ and Λ−1 are indeed inverses. We have
Λ−1 ∘ Λ : (x,y, z) Λ7−→ (x, 훼ˆ(x,y, z))
Λ−17−−−→ (x, 휔ˆ−1(훾ˆ(퐷, 훼ˆ(x,y, z))))
= (x, 휔ˆ−1({y, z})) = (x,y, z).
On the other hand,
Λ ∘ Λ−1 : (x, 퐸) Λ−17−−−→ (x, 휔ˆ−1(훾ˆ(퐷,퐸))) = (x,y, z) Λ7−→ (x, 훼ˆ(x,y, z))
= (x, 퐸)
since x,y, z ∈ 퐸. Whence Λ−1 is the inverse mapping of Λ and this shows that
Λ is a homeomorphism.
Proposition 5.1.8. The subset (푈 × 푉 ) ∩ ℱˆ is homeomorphic to ℝ4.
Proof. Since 푈 = ℬ(p, 푟′) ≈ ℝ2, and 퐼1 and 퐼2 are each homeomorphic to ℝ, we
have that 푈 × 퐼1× 퐼2 ≈ ℝ4. Hence, by Lemma 5.1.7, the subset (푈 ×푉 )∩ ℱˆ of
ℱˆ is homeomorphic to ℝ4.
We may now complete the proof of Theorem 5.1.1.
By Propositions 5.1.6 and 5.1.8, each element (p, 퐶) ∈ ℱˆ has a neighbour-
hood of the form 푈 × 퐼1 × 퐼2, which is homeomorphic to ℝ4.
It remains for us to show that ℱ is Hausdorff and second countable. Since
풫 and 풞 are Hausdorff spaces, so is ℱ ⊆ 풫 × 풞.
Now, since 풫 ≈ 핊21 is homeomorphic to a subspace of ℝ3, we have that
(풫3)∗ ⊆ 풫3 is homeomorphic to a subspace of the second-countable space (ℝ3)3,
so is itself second countable.
By [10], Corollary 2.8, the joining map 훼 is open (in addition to being
continuous). Hence, as the projection map 푞1 : (x,y, z) 7→ x is continuous and
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open, we have that the map
푞1 × 훼 : (x,y, z) 7→ (x, 훼(x,y, z))
is continuous and open. Thus
ℱ = (푞1 × 훼)((풫3)∗)
is the continuous, open image of a second-countable space, so is second-countable
(cf. Theorem A.1.12).
This completes the proof that ℱ is a 4-dimensional manifold.
5.2 The Flag Space of an ESCP
Let F, ℱ푐 denote the flag spaces of an embeddable spherical circle plane (P,C)
and the classical flat Mo¨bius plane (핊21, 풞푐), respectively. In this section we
first show that F and ℱ푐 are homeomorphic. We then give a description of the
topological structure of ℱ푐.
5.2.1 A Homeomorphism between Flag Spaces
In this subsection we prove the following.
Theorem 5.2.1. The flag space F of an embeddable spherical circle plane
(P,C) is homeomorphic to the flag space ℱ푐 of the classical flat Mo¨bius plane
(핊21, 풞푐).
We begin by describing the desired map between F and ℱ푐.
Recall that we denote the bounded component of ℝ3∖P by B. Let us restate
76 Chapter 5. The Flag Space
the definition of the map 휂 and introduce the map 휂푐:
휂푐 : ℬ(0, 1)× 핊21 → 핊21 : (x,u) 7→ ℛ(x,u) ∩ 핊21;
휂 : B× 핊21 → P : (x,u) 7→ ℛ(x,u) ∩P;
these are continuous by Proposition 3.4.14.
Note that the distance map 픣핊2
1
for 핊21 has the constant value 1, and the
maximal map 픥핊2
1
is the identity on 핊21. Abbreviate the corresponding maps for
P by 픣 := 픣P and 픥 := 픥P.
Consider first a flag in F of the form (p, 퐸(u×푑)), where 0 < 푑 < 픣(u); let
푑′ = 푑
픣(u) < 1. The point 푑
′픥(u) lies on the open line segment between the
origin 0 and the point 픥(u) ∈ P, so lies in B. Hence p is precisely the point of
intersection with P of the open ray ℛ(푑′픥(u),w) emanating from 푑′픥(u) in the
direction w := p−푑
′픥(u)
∣∣p−푑′픥(u)∣∣ . By definition, 픥(u) ⋅ u = 픣(u), so
푑′픥(u) ⋅ u = 푑
픣(u) 픣(u) = 푑.
That is, 푑′픥(u) ∈ 퐸(u×푑), so ℛ(푑′픥(u),w) lies in the plane 퐸(u×푑). See Figure
5.2.1.1.
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퐸(u×픣(u)푑)
퐸(u×푑)
퐸(u×1)
퐸(u×푑′)
0
푑′u
u
푑u
픣(u)u 픥(u)
푑′픥(u)
핊21
q
p
ℛ(푑′픥(u),w)
ℛ(푑′u,w)
Figure 5.2.1.1
Now, the point 푑′u lies in ℬ(0, 1) and on the plane 퐸(u×푑′). We map p to
the point of intersection of the ray ℛ(푑′u,w) with 핊21. The flag (p, 퐸(u×푑)) in
F is then defined to map to the flag (q, 퐸(u×푑′)) in ℱ푐. Notice this mechanism
is bijective: given a flag (q, 퐸(u×푑′)) in ℱ푐, we map it to (p, 퐸(u×푑′픣(u)), where
p = 휂 (푑′픥(u),w) ,
with w := q−푑
′u
∣∣q−푑′u∣∣ .
On the other hand, now consider a flag in F of the form (p, 퐸(u×0)). Since
0 ∈ B, we may bijectively map p to p∣∣p∣∣ using that p∣∣p∣∣ = 휂푐(0, p∣∣p∣∣) and
p = 휂(0, p∣∣p∣∣). Thence (p, 퐸(u×0)) ∈ F is defined to map to ( p∣∣p∣∣ , 퐸(u×0)) ∈
ℱ푐; conversely, a flag (q, 퐸(u×0)) ∈ ℱ푐 is mapped to (p, 퐸(u×0)), where p =
휂(0,q).
We proceed to formalise this mapping and show that it is a homeomorphism.
Define 휏 : ℝ3∖0→ ℝ3∖0 by 휏(x) = 픣(u)x, where u = x∣∣x∣∣ . Then 휏 is continuous
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and has continuous inverse x 7→ x
픣(u) , and
휏(x)
∣∣휏(x)∣∣ =
x
∣∣x∣∣ =
휏−1(x)
∣∣휏−1(x)∣∣
for each x ∈ ℝ3∖0. Let (x푛) be sequence in ℝ3∖0 such that 1∣∣x푛∣∣ → 0; put
u푛 =
x푛
∣∣x푛∣∣ for each 푛. By the continuity of 픣 and the compactness of 핊
1
1, we
have that (픣(u푛)) is bounded away from 0. Thus:
1
∣∣휏(x푛)∣∣ =
1
픣(u푛)∣∣x푛∣∣ → 0 and
1
∣∣휏−1(x푛)∣∣ =
픣(u푛)
∣∣x푛∣∣ → 0
as 푛→∞.
Recall that
C =
{
[x× 0] : x ∈ ℝ3∖0} ∪ {[x× 1] : x ∈ ℝ3∖0, 1∣∣x∣∣ < 픣( x∣∣x∣∣)}
and
풞푐 =
{
[x× 0] : x ∈ ℝ3∖0} ∪ {[x× 1] : x ∈ ℝ3∖0, 1∣∣x∣∣ < 1}.
Let 푇 : C→ 풞푐 be the map defined on 풴1 ∩C and 풴2 ∩C by
[x× 0] 7→ [x× 0],
[x× 1] 7→ [휏(x) × 1] = [픣(u)x × 1],
respectively. Note that 푇 is well-defined since, putting u = x∣∣x∣∣ , we have that
1
∣∣x∣∣ < 픣(u) if and only if
1
∣∣픣(u)x∣∣ =
1
픣(u)
1
∣∣x∣∣ < 1.
Since 푇 is a restriction-corestriction of a homeomorphism of the form in Theorem
4.3.5, it is a homeomorphism.
5.2. The Flag Space of an ESCP 79
Lemma 5.2.2. The map 퐺 : F→ ℬ(0, 1)× 핊21, given by
(p, [x× 0]) 7→ (0, p∣∣p∣∣),
(p, [x× 1]) 7→
(
푑
픣(u)u,
p− 푑
픣(u)픥(u)∥∥p− 푑
픣(u)픥(u)
∥∥
)
,
where u = x∣∣x∣∣ and 푑 =
1
∣∣x∣∣ < 픣(u), is continuous.
Proof. Let (p푛) be a sequence in P converging to p ∈ P and let (푌푛) be a
sequence in ℙ3ℝ∖po converging to 푌 . Recall that we denote
풴1 =
{
[x× 0] : x ∈ ℝ3∖0} and
풴2 =
{
[x× 1] : x ∈ ℝ3∖0}.
Let (푌푛) be a sequence in ℙ3ℝ∖po converging to 푌 . If 푌 ∈ 풴2, since 풴2 is open
we have that 푌푛 ∈ 풴2 for sufficiently large 푛. Since the mapping
[x× 1] 휉7−→ u× 푑 7→ 푑
픣(u)픥(u)
,
where u = x∣∣x∣∣ and 푑 =
1
∣∣x∣∣ , is the composition of continuous maps, it follows
that 퐺 is continuous on 풴2. Whence 퐺(푌푛)→ 퐺(푌 ).
Now suppose that 푌 ∈ 풴1; put 푌 = [x× 0] and u = x∣∣x∣∣ .
If 푌푛 ∈ 풴1 for only finitely many 푛, then by removing these elements from
the sequence and relabelling we have 푌푛 ∈ 풴2 for all 푛. Write 푌푛 = [x푛 × 1]
and let (u푛) and (푑푛) be the sequences in 핊
2
1, ℝ>0 given by u푛 =
x푛
∣∣x푛∣∣ and
푑푛 =
1
∣∣x푛∣∣ for each 푛, respectively. Then
[u푛 × 푑푛] = [x푛 × 1]→ [x× 0]
and so by Lemma 4.3.2 we have that u푛 → u and 푑푛 → 0. Since 픣 is continuous
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and (픣(u푛)) is bounded above and below away from 0, we have that
푑푛
푓(u푛)
→ 0.
Combining this with the continuity of 픥, we obtain that
퐺(p푛, [x푛 × 1]) =
(
푑푛
픣(u푛)
u푛,
p푛− 푑푛픣(u푛)픥(u푛)∥∥p푛− 푑푛픣(u푛)픥(u푛)∥∥
)
→
(
0, p−0∣∣p−0∣∣
)
= 퐺([x × 0]).
Suppose now that 푌푛 ∈ 풴1 for infinitely many 푛. If there is an 푁 > 0 such
that 푌푛 ∈ 풴1 for all 푛 > 푁 , putting 푌푛 = [x푛 × 0], we have
퐺(p푛, [x푛 × 0]) = 퐺
(
0, p푛∣∣p푛∣∣
)
→
(
0, p∣∣p∣∣
)
= 퐺([x × 0]).
On the other hand, let (푌푚)푚∈푁1 and (푌푚′)푚′∈푁2 be infinite subsequences
of (푌푛) corresponding to the elements in 풴1 and 풴2, respectively, where 푁1 and
푁2 partition ℕ. By the cases “푌 ∈ 풴1 and 푌푛 ∈ 풴1 for all 푛” and “푌 ∈ 풴1 and
푌푛 ∈ 풴2 for all 푛” just considered, respectively, it is apparent that 퐺(푌푚) 푚→∞−−−−→
퐺(푌 ) and 퐺(푌푚′)
푚′→∞−−−−→ 퐺(푌 ). Whence, letting 휀 > 0, there are퐾,퐿 > 0 such
that 휚3(퐺(푌푚), 퐺(푌 )) < 휀 and 휚3(퐺(푌푚′), 퐺(푌 )) < 휀 for all 푚 > 퐾, 푚
′ > 퐿.
For each 푛 > max{퐾,퐿}, then, we have
휚3(퐺(푌푛), 퐺(푌 )) =
{
휚3(퐺(푌푚), 퐺(푌 )) if 푛 ∈ {푚 ∈ 푁1 : 푚 > 퐾}, or
휚3(퐺(푌푚′ ), 퐺(푌 )) if 푛 ∈ {푚′ ∈ 푁2 : 푚′ > 퐿}
< 휀,
so 퐺(푌푛)→ 퐺(푌 ). This shows that 퐺 is continuous.
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Define the map 퐺푐 : ℱ푐 → B× 핊21 by
(p, [x× 0]) 7→ (0,p),
(p, [x× 1]) 7→
(
푑픥(u), p−푑u∥p−푑u∥
)
,
where u = x∣∣x∣∣ and 푑 =
1
∣∣x∣∣ < 1.
Lemma 5.2.3. 퐺푐 is continuous.
Proof. The proof is completely analogous to that of Lemma 5.2.2.
We are now in a position to formally define the map 퐹 : F → ℱ푐 described
at the beginning of this section. Let
퐹1 := 휂푐 ∘퐺 : F→ 핊21
:
⎧⎨⎩
(p, [x × 0]) 7→ 휂푐(0,p),
(p, [x × 1]) 7→ 휂푐
(
푑′u, p−푑
′픥(u)∥∥p−푑′픥(u)∥∥
)
,
and let
퐹2 := 푇 ∘ Proj2 : F→ 풞푐
:
⎧⎨⎩
(p, [x × 0]) 7→ [x× 0],
(p, [x × 1]) 7→ [픣(u)x× 1],
where u = x∣∣x∣∣ , 푑 =
1
∣∣x∣∣ , 푑
′ = 푑
픣(u) < 1 and Proj2 : ℱ → C is the projection
map
(p, [x× 푑]) 7→ [x× 푑].
We define 퐹 := 퐹1 × 퐹2. Since 휂푐, 퐺, 푇 and Proj2 are each continuous, so is
퐹 . Noting that [x × 1] = [u × 푑] and [픣(u)x × 1] = [u × 푑′], we may describe
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퐹 : F→ ℱ푐 explicitly by
⎧⎨⎩
(p, [u× 0]) 7→ (휂푐(0,p), [u× 0]) ,
(p, [u× 푑]) 7→
(
휂푐
(
푑′u, p−푑
′픥(u)∥∥p−푑′픥(u)∥∥
)
, [u× 푑′]
)
.
We define the map 퐹 푐 : ℱ푐 → F analogously: let
퐹 푐1 := 휂 ∘퐺푐 : ℱ푐 → P
and let
퐹 푐2 := 푇
−1 ∘ Proj푐2 : ℱ푐 → C,
where
Proj푐2 : ℱ푐 → 풞푐 : (q, [x × 푑])→ [x× 푑]
is the projection map. Then 퐹 푐 := 퐹1 × 퐹2 is the continuous map ℱ푐 → F:⎧⎨⎩
(q, [u× 0]) 7→ (휂(0,q), [u× 0]) ,
(q, [u× 푑]) 7→
(
휂
(
푑픥(u), p−푑u∥p−푑u∥
)
, [u× 픣(u)푑]
)
.
By construction, 퐹 and 퐹 푐 are inverses, so we obtain that 퐹 is a homeomor-
phism and Theorem 5.2.1 is proven.
5.2.2 Classification of the Flag Space
We proceed to describe the homeomorphic type of the flag space of an em-
beddable spherical circle plane. By Theorem 5.2.1, it suffices to do so for the
classical case.
Theorem 5.2.4. The flag space ℱ푐 of the classical flat Mo¨bius plane, and hence
the flag space F of an embeddable spherical circle plane, is homeomorphic to the
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space
(핊21 × ℙ2ℝ)∖{(w, [w]) : w ∈ 핊21}.
Proof. Let 퐻1 : ℙ3ℝ∖po → ℙ2ℝ be the map [x × 푑] 7→ [x]. If Proj : x × 푑 7→ x
is the projection map ℝ4 → ℝ3, we have:
푚x×푚푑 푚x
[x× 푑] [푚x] = [x]
휋3 휋2
Proj
퐻1
for 푚 ∕= 0, which by Theorem A.1.2 implies that 퐻1 is continuous.
Define the map
퐻 : ℱ푐 → (핊21 × ℙ2ℝ)∖{(w, [w]) : x ∈ 핊21}
by 퐻 = id핊2
1
×퐻1 : (p, [x× 푑]) 7→ (p, [x]), where p ⋅ x = 푑.
Let us show that 퐻 is surjective. Let
(p, [x]) ∈ (핊21 × ℙ2ℝ)∖{(w, [w]) : w ∈ 핊21};
put u := x∣∣x∣∣ ∈ 핊21, so (p, [x]) = (p, [u]).
If 휃 is the angle between p and u, then, as [p] ∕= [u], we have that ∣ cos 휃∣ < 1.
Hence
0 ≤ ∣p ⋅ u∣ = ∣∣p∣∣∣∣u∣∣∣ cos 휃∣ = ∣ cos 휃∣ < 1.
If p ⋅ u = 0 then (p, [u]) = 퐻(p, [u× 0]). On the other hand, if 0 < ∣p ⋅ u∣ < 1,
then
(p, [u]) = 퐻(p, [v × 푑]),
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where 푑 = ∣p ⋅ u∣ > 0 and v = p⋅u∣p⋅u∣u. Since
p ⋅ v = p ⋅
(
p⋅u
∣p⋅u∣u
)
= ∣p ⋅ u∣ = 푑
and 0 < 푑 < 1, we see that (p, [v × 푑]) ∈ ℱ푐. Whence 퐻 is surjective.
Now, let
퐻2 : (핊
2
1 × ℙ2ℝ)∖{(w, [w]) : w ∈ 핊21} → ℙ3ℝ∖po
be the map (p, [x]) 7→ [u× (p ⋅u)], where u = x∣∣x∣∣ . Since 핊21 is locally compact,
by Theorem A.1.4 we have that id핊2
1
× 휋2 is a quotient map. Let ℎ be the
continuous map (p,x) 7→ x∣∣x∣∣ ×
(
p ⋅ x∣∣x∣∣
)
. From the commutative diagram:
(p,x) u× (p ⋅ u)
(p, [u]) [u× (p ⋅ u)]
id핊2
1
× 휋2 휋3
ℎ
퐻2
where u = x∣∣x∣∣ , we obtain that 퐻2 is continuous.
We claim that
id핊2
1
×퐻2 : (p, [x]) 7→ (p, [u× (p ⋅ u)]) ,
where u = x∣∣x∣∣ , is the inverse mapping of 퐻 .
Let (p, [u× 푑]) ∈ ℱ푐, with u ∈ 핊21; so 0 ≤ p ⋅ u = 푑 < 1. Then
(p, [u× 푑]) 퐻7−→ (p, [u])
id
핊2
1
×퐻2
7−−−−−→ (p, [u× (p ⋅ u)]) = (p, [u× 푑]).
Conversely, let (p, [u]) ∈ (핊21 × ℙ2ℝ)∖{(w, [w]) : w ∈ 핊21}, with u ∈ 핊21. Then
(p, [u])
id
핊2
1
×퐻2
7−−−−−→ (p, [u× (p ⋅ u)]) 퐻7−→ (p, [u]).
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Whence the continuous maps 퐻 and id핊2
1
×퐻2 are inverses, so 퐻 is a home-
omorphism and Theorem 5.2.4 is proven.
Chapter 6
Isotopy Equivalence of
SCPs
Informally, in general topology two spaces are said to be isotopy equivalent if one
can be continuously deformed into the other in a completely reversible manner.
In the paper [7], Rosehr defines the notion of an isotopy equivalence between
so-called stable planes, which are point-line geometries with point and line sets
carrying topologies satisfying certain properties1. In this chapter we first modify
Rosehr’s formulation and define isotopy equivalence between spherical circle
planes. We then show that, with this definition, embeddable spherical circle
planes are isotopy equivalent to the classical flat Mo¨bius plane.
Since we wish an isotopy to be a continuous map into a certain collection of
subsets of 핊21, we introduce a modified version of the “Hausdorff topology” of
[8], called the Hausdorff-convergence topology, in order to topologise this set.
1For more information about topological constructions on point-line geometries the reader
is referred to [8].
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6.1 The Hausdorff-convergence Topology
Let ℋ(핊21) denote the set of all subsets of 핊21 that are homeomorphic to 핊11.
We topologise ℋ(핊21) as follows. Let (푀푛) be a sequence in ℋ(핊21). If (p푛) is
a sequence in 핊21 such that p푛 ∈ 푀푛 for each 푛, we write (p푛) ∈ (푀푛). Let
lim푛 inf푀푛 be the set of all limit points of convergent sequences (p푛) ∈ (푀푛),
and let lim푛 sup푀푛 be the set of all accumulation points of all sequences (q푛) ∈
(푀푛). We say that (푀푛) converges to 푀 ∈ ℋ(핊21) in the Hausdorff-convergence
sense, and write (푀푛)
퐻퐶−−→푀 , if
lim
푛
inf푀푛 =푀 = lim
푛
sup푀푛.
Note that since a limit point of a convergent sequence is an accumulation point
of that sequence, we already have that lim푛 inf푀푛 ⊆ lim푛 sup푀푛; hence the
above equality holds if
lim
푛
sup푀푛 ⊆푀 ⊆ lim
푛
inf푀푛. (★)
Define the Hausdorff-convergence topology H on ℋ(핊21) as follows. A set
퐴 ⊆ ℋ(핊21) is closed with respect to H if and only if whenever a sequence (푀푛)
in 퐴 converges to 푀 in the Hausdorff-convergence sense, we have that 푀 ∈ 퐴.
The open subsets of ℋ(핊21) with respect to H are precisely the complements
of the closed subsets. That H is indeed a topology on ℋ(핊21) is shown in the
Appendix (Theorem A.2.2).
To prove continuity results with respect to this topology we shall make use
of the following proposition (the proof of which is left to the Appendix; see
Proposition A.2.3):
Proposition 6.1.1. Let 푋 be a metric space and endow ℋ(핊2) with the Hausdorff-
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convergence topology. Suppose that 푔 : 푋 → ℋ(핊2) is map such that whenever
there is a sequence (푦푛) in 푋 converging to a point 푦, we have 푔(푦푛)
퐻퐶−−→ 푔(푦).
Then 푔 is continuous.
As a first step towards justifying this topology, we establish that convergence
of planes in ℝ3 under their identification with points in ℙ3ℝ∖po implies conver-
gence in the Hausdorff-convergence sense. Recall that ℙ3ℝ∖po is the disjoint
union of the subsets 풴1 = {[u× 0] : u ∈ 핊21} and 풴2 = {[u× 푑] : u ∈ 핊21, 푑 > 0}.
Theorem 6.1.2. A sequence (푌푛) of planes in ℝ
3 converges to a plane 푌
with respect to the ℙ3ℝ∖po topology if and only if (푌푛) converges to 푌 in the
Hausdorff-convergence sense.
Proof. Let (푌푛) be a sequence in ℙ3ℝ∖po converging to an element 푌 . We verify
that (★) holds.
Consider first the case that 푌 ∈ 풴2. Since 풴2 is open, 푌푛 ∈ 풴2 for sufficiently
large 푛. Put 푌푛 = [u푛×푑푛], with u푛 ∈ 핊21 and 푑푛 > 0 for each 푛; let 푌 = [u×푑],
with u ∈ 핊21, 푑 > 0. By the homeomorphism
풴2 → 핊21 × ℝ>0 : [x×푚] 7→ ∣푚∣푚 x∣∣x∣∣ × ∣푚∣∣∣x∣∣ ,
since 푌푛 → 푌 we have that u푛 → u and 푑푛 → 푑.
We show that lim푛 sup푌푛 ⊆ 푌 . Let (p푛) ∈ (푌푛); so p푛 ⋅ u푛 = 푑푛 for each
푛. Suppose that p is the limit of some subsequence (p푛푖) of (p푛). Then, by the
continuity of the dot product, we have
0 = (p푛푖 − 푑푛푖u푛푖) ⋅ u푛푖 푖→∞−−−→ (p− 푑u) ⋅ u;
hence p ⋅ u = 푑 and so p ∈ 푌 .
We now show that 푌 ⊆ lim푛 inf 푌푛. Let p ∈ 푌 , so p ⋅ u = 푑. Define the
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sequence (p푛) by
p푛 = p− (p ⋅ u푛 − 푑푛)u푛
for each 푛. Then
p푛 ⋅ u푛 = p ⋅ u푛 − (p ⋅ u푛 − 푑푛) = 푑푛
for each 푛, so (p푛) ∈ (푌푛). Moreover,
p푛 = p− (p ⋅ u푛 − 푑푛)u푛 → p− (p ⋅ u− 푑)u = p,
as 푛→∞, which implies that p ∈ lim푛 inf 푌푛.
Now consider consider the case when 푌 ∈ 풴1; put 푌 = [u× 0] ∈ 풴1, where
u ∈ 핊21.
If 푌푛 ∈ 풴1 for only finitely many 푛, then by removing these elements from
the sequence and relabelling we have 푌푛 ∈ 풴2 for all 푛. Put 푌푛 = [u푛 × 푑푛],
with u푛 ∈ 핊21 and 푑푛 > 0 for each 푛. Then
[u푛 × 푑푛] = [x푛 × 1]→ [x× 0]
and so by Lemma 4.3.2 we have that u푛 → u and 푑푛 → 0.
To show that lim푛 sup푌푛 ⊆ 푌 , let (p푛) ∈ (푌푛) and suppose that p is the
limit of some subsequence (p푛푖) of (p푛). We have
0 = p푛푖 ⋅ u푛푖 − 푑푛푖 푖→∞−−−→ p ⋅ u− 0 = p ⋅ u
and hence p ∈ 푌 .
We now show that 푌 ⊆ lim푛 inf 푌푛. Let p ∈ 푌 , so p ⋅ u = 0. Define the
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sequence (p푛) by
p푛 = p− (p ⋅ u푛 − 푑푛)u푛
for each 푛. Then
p푛 ⋅ u푛 = p ⋅ u푛 − (p ⋅ u푛 − 푑푛) = 푑푛
for each 푛, so (p푛) ∈ (푌푛). Moreover, we have
p푛 = p− (p ⋅ u푛 − 푑푛)u푛 푛→∞−−−−→ p− (p ⋅ u)u = p
since p ⋅ u = 0; whence p ∈ lim푛 inf 푌푛.
Now assume that 푌푛 ∈ 풴1 for infinitely many 푛.
Suppose there is an 푁 > 0 such that 푌푛 ∈ 풴1 for all 푛 > 푁 . Put 푌푛 =
[u푛 × 0], with u푛 ∈ 핊21 for each 푛. Then [u푛 × 0]→ [u× 0], so [u푛]→ [u].
To show that lim푛 sup푌푛 ⊆ 푌 , let (p푛) ∈ (푌푛) and suppose that p is the
limit of some subsequence (p푛푖) of (p푛). Then
0 = ∣p푛푖 ⋅ u푛푖 ∣ 푖→∞−−−→ ∣p ⋅ u∣,
so p ⋅ u = 0 and p ∈ 푌 .
To show that 푌 ⊆ lim푛 inf 푌푛, let p ∈ 푌 and so p ⋅ u = 0. Define the
sequence (p푛) by
p푛 = p− (p ⋅ u푛)u푛
for each 푛. Then
p푛 ⋅ u푛 = p ⋅ u푛 − p ⋅ u푛 = 0
for each 푛, so (p푛) ∈ (푌푛). Moreover, since ∣p ⋅ u푛∣ 푛→∞−−−−→ ∣p ⋅ u∣ = 0, we have
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that p ⋅ u푛 → 0, and hence
p푛 = p− (p ⋅ u푛)u푛 → p− 0u = p,
as 푛→∞. This implies that p ∈ lim푛 inf 푌푛.
On the other hand, let (푌푚)푚∈푁1 and (푌푚′)푚′∈푁2 be infinite subsequences
of (푌푛) corresponding to the elements in 풴1 and 풴2, respectively, where 푁1
and 푁2 partition ℕ. By the cases “푌 ∈ 풴1 and 푌푛 ∈ 풴1 for all 푛” and “푌 ∈
풴1 and 푌푛 ∈ 풴2 for all 푛” just considered, respectively, it is apparent that
lim푚 sup푌푚 = 푌 = lim푚 inf 푌푚 and lim푚′ sup푌푚′ = 푌 = lim푚′ inf 푌푚′ .
If p is the limit of some subsequence (p푛푖) of a sequence (p푛) ∈ (푌푛), then
p is the limit of a subsequence of (p푛) such that either each term lies in a
subsequence of (푌푚), or each term lies in a subsequence of (푌푚′), so p ∈ 푌 ;
hence lim푛 sup푌푛 ⊆ 푌 .
If p ∈ 푌 , then p is the limit of some sequences (p푚), (p푚′) in (푌푚), (푌푚′),
respectively, and hence is the limit of the sequence (p푛) in (푌푛) given by
p푛 =
{
p푚 if 푛 = 푚 ∈ 푁1,
p푚′ if 푛 = 푚
′ ∈ 푁2,
which converges to p. Thus 푌 ⊆ lim푛 inf 푌푛.
This completes the proof that 푌푛
퐻퐶−−→ 푦.
Conversely, suppose that (푌푛) = ([x푛×푑푛]) is a sequence of planes converging
with respect to H to a plane 푌 = [x×푑]. Let u,v,w be three non-collinear points
on 푌 . Since 푌 ⊆ lim푛 inf 푌푛, the points u, v, w are limits of some sequences
(u푛), (v푛), (w푛) ∈ (푌푛), respectively. Note that if u푛, v푛 and w푛 are not
distinct for infinitely many 푛, then the corresponding subsequences converge to
non-distinct points — a contradiction. Suppose they have subsequences (u푛푘),
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(v푛푘) and (w푛푘) such that u푛푘 , v푛푘 and w푛푘 are distinct and collinear for each
푘. Then
퐿(u푛푘 , [u푛푘 − v푛푘 ]) = 퐿(u푛푘 , [u푛푘 −w푛푘 ])
for each 푘. By Lemma 3.4.10, we have
퐿(u푛푘 , [u푛푘 − v푛푘 ]) 푘→∞−−−−→ 퐿(u, [u− v])
and
퐿(u푛푘 , [u푛푘 −w푛푘 ]) 푘→∞−−−−→ 퐿(u, [u−w])
with respect to the (metric) topology on ℒ, so
퐿(u, [u− v]) = 퐿(v, [v −w]).
This implies that u, v and w are collinear — a contradiction.
Thus, by removing finitely many terms of (푌푛) if necessary and by relabelling,
we may assume that u푛, v푛, andw푛 are not collinear for all 푛. By the continuity
of the joining map (cf. Proposition 3.3.1) we therefore have
푌푛 = 훼(u푛,v푛,w푛)→ 훼(u,v,w) = 푌
as 푛→∞ with respect to the topology of ℙ3ℝ∖po.
6.2 Isotopy Equivalence Defined
We now give a definition of isotopy of spherical circle planes.
Definition Let (풫1, 풞1) and (풫2, 풞2) be spherical circle planes. A map 퐺 :
[0, 1]×풞1 → ℋ(풫2) is called an isotopy from (풫1, 풞1) to (풫2, 풞2) if the following
conditions hold. Let 퐺푡 denote the map 퐺푡(퐶) = 퐺(푡, 퐶).
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(I1) There is a bijection 휅 : 풫1 → 풫2 such that2
퐺0(퐶) = 휅[퐶] :=
∪
x∈퐶
{휅(x)}
for each 퐶 ∈ 풞1.
(I2) 퐺1(풞1) = 풞2.
(I3) (풫2, 퐺푡(풞1)) is a spherical circle plane for all 푡 ∈ [0, 1].
(I4) 퐺 is continuous.
(I5) 퐺푡 : 풞1 → 퐺푡(풞1) is a homeomorphism for all 푡 ∈ [0, 1].
The spherical circles planes (풫1, 풞1) and (풫2, 풞2) are then said to be isotopy
equivalent.
6.3 An Isotopy of ESCPs
We proceed to construct an isotopy from an embeddable spherical circle plane
(P,C) to the classical flat Mo¨bius plane (핊21, 풞푐).
6.3.1 The Intermediate ESCPs
Recall that we choose the origin to be a point in B; without loss of generality
assume that 핊21 is strictly contained in B.
For each 푡 ∈ [0, 1], let 푚푡 : B→ 푚푡(B) ⊆ ℝ3 be the map defined by
푚푡(x) = (푡+ (1 − 푡)∣∣x∣∣) x∣∣x∣∣ .
For 푡 ∈ [0, 1), we have
푚−1푡 (x) =
∣∣x∣∣ − 푡
1− 푡
x
∣∣x∣∣
2We denote the image of a subset 퐴 ⊆ 푋 under a map 푓 : 푋 → 푌 by 푓 [퐴].
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(one can readily verify that the maps 푘 7→ 푡+(1−푡)푘 and 푘 7→ 푘−푡1−푡 are inverses).
For 푡 = 1, 푚1(x) =
x
∣∣x∣∣ is a homeomorphism since B is compact and convex
(cf. Theorem A.1.14). Whence 푚푡 is a homeomorphism for each 푡.
Let B푡 := 푚푡(B); then
P푡 := ∂B푡 = ∂(푚푡(B)) = 푚푡(∂B) = 푚푡(P).
That is,
P푡 =
{
(푡+ (1 − 푡)∣∣x∣∣) x∣∣x∣∣ : x ∈ P
}
.
We first show that the strict convexity of P implies that P푡 is strictly convex,
thus allowing us to define the embeddable spherical circle plane (P푡,C푡) on P푡.
Proposition 6.3.1. The subset P푡 of ℝ
3 is strictly convex for all 푡 ∈ [0, 1].
Proof. Obviously P0 = P and P1 = 핊
2
1 are strictly convex; let 푡 ∈ (0, 1) and let
x푡, y푡 and z푡 be distinct, collinear points of P푡. Put x = 푚
−1
푡 (x푡), y = 푚
−1
푡 (y푡)
and z = 푚−1푡 (z푡) ∈ P.
By projecting onto the plane containing the points 0,x푡 and y푡, and rotating
the coordinate axes, we may depict the open line segment between x푡 and y푡
as in Figure 6.3.1.1; if w1, w2 lie in the (푢, 푣)-plane and satisfy ∣∣w1∣∣ < ∣∣w2∣∣,
then their preimages w′1, w
′
2 under this projection satisfy ∣∣w′1∣∣ < ∣∣w′2∣∣ in ℝ3.
Let 푣 = 푘 represent the line through x푡, y푡 and z푡 in the (푢, 푣)-plane .
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x
y
푣
푢
x푡 y푡
(푢, 푘)
(푓(푢), 푔(푢))
z푡
0
Figure 6.3.1.1
The image of a point (푢, 푘) in the (푢, 푣)-plane corresponding to the image of a
point in ]x푡,y푡[ under푚
−1
푡 is given by the parametric curve Γ(푢) = (푓(푢), 푔(푢)),
where
푔(푢) =
√
푢2 + 푘2 − 푡
1− 푡
푘√
푢2 + 푘2
.
One calculates that the second derivative of 푔 at 푢 = 0 is
푔′′(0) =
푡
(1− 푡)푘2 > 0,
so the image of a neighbourhood of z푡 in ]x푡,y푡[ under 푚
−1
푡 is strictly concave.
Thus the line segments ]x, z[ and ]z,y[ lie inside the triangle formed by 0, x and
y; see Figure 6.3.1.2. This contradicts the strict convexity of P, so we deduce
that P푡 is also strictly convex.
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x
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z
푣
푢
x푡 y푡
z푡
0
Figure 6.3.1.2
Let 푡 ∈ [0, 1]. Following Proposition 6.3.1 we may thus define the embeddable
spherical plane (P푡,C푡) on P푡; define the distance map 픣푡 := 픣P푡 . Let us give
an explicit description of 픣푡 (which is necessarily continuous) in terms of the
distance map 픣 and maximal map 픥 associated with P. Recalling that 퐻y is the
particular open half-space determined by [y × 0] given by
퐻y = {z ∈ ℝ3 : y ⋅ z > 0}
and that each p푡 ∈ P푡 is of the form
(
푡 + (1 − 푡)∣∣p∣∣) p∣∣p∣∣ for some p ∈ P, we
obtain:
픣푡(u) = max
p푡∈P푡∩퐻u
p푡 ⋅ u
= max
p∈P∩퐻u
(
푡+ (1− 푡)∣∣p∣∣) p∣∣p∣∣ ⋅ u
= (푡+ (1 − 푡)∣∣픥(u)∣∣) 픥(u)∣∣픥(u)∣∣ ⋅ u
=
(
푡
∣∣픥(u)∣∣ + (1− 푡)
)
픣(u).
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With the distance map for P푡 now at hand we may characterise C푡 as:
C푡 = {[u× 0] : u ∈ 핊21} ∪ {[u× 푑] : u ∈ 핊21, 0 < 푑 < 픣푡(u)}.
We now describe a homeomorphism from C to C푡, in direct analogy to our
construction of a homeomorphism from C to 풞푐 in Chapter 5.
Define 휁푡 : ℝ
3∖0→ ℝ3∖0 by
휁푡(x) =
픣푡(u)
픣(u)
x
=
(
푡
∣∣픥(u)∣∣ + (1− 푡)
)
x,
where u = x∣∣x∣∣ . Then 휁푡 is continuous and has continuous inverse x 7→ 픣(u)픣푡(u)x.
Furthermore,
휁푡(x)
∣∣휁푡(x)∣∣ =
x
∣∣x∣∣ =
휁−1푡 (x)
∣∣휁−1푡 (x)∣∣
for each x ∈ ℝ3∖0, and for any sequence (x푛) in ℝ3∖0 such that 1∣∣x푛∣∣ → 0:
1
∣∣휁푡(x푛)∣∣ =
픣(u푛)
픣푡(u푛)
1
∣∣x푛∣∣ → 0 ,
1
∣∣휁−1푡 (x푛)∣∣
=
픣푡(u푛)
픣(u푛)
1
∣∣x푛∣∣ → 0,
where (u푛) is the sequence given by u푛 =
x푛
∣∣x푛∣∣ for each 푛, and where we
have used that (픣(u푛)) and (픣푡(u푛)) are bounded above and away from 0. Let
Υ푡 : C→ C푡 be the map defined on 풴1 ∩C and 풴2 ∩C by
[x× 0] 7→ [휁푡(x) × 0] = [x× 0],
[x× 1] 7→ [휁푡(x) × 1],
respectively. Note that Υ푡 does indeed map into C푡 since, putting u =
x
∣∣x∣∣ , we
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have that 1∣∣x∣∣ < 푓(u) if and only if
1
∣∣휁푡(x)∣∣ =
픣(u)
픣푡(u)
1
∣∣x∣∣ < 픣푡(u).
As Υ푡 is a restriction-corestriction of a homeomorphism of the form in Theorem
4.3.5, it is a homeomorphism. Let us record this for later.
Lemma 6.3.2. For each 푡 ∈ [0, 1], the map Υ푡 : C→ C푡 is a homeomorphism.
In particular, Υ푡(C) = C푡, so we obtain a family of intermediate embeddable
spherical circle planes:
Lemma 6.3.3. For each 푡 ∈ [0, 1], the point-circle geometry (P푡,Υ푡(C)) is an
embeddable spherical circle plane, and hence a spherical circle plane.
6.3.2 The Isotopy Defined
Let 휅 : ℝ3∖{0} → 핊21 be the map x 7→ x∣∣x∣∣ , and let 휅푡 be the restriction of 휅
to P푡. Since P푡 is compact and convex, 휅푡 is a homeomorphism. Let 풦 denote
the induced map
풦 :
∪
푡∈[0,1]
C푡 → ℋ(핊21), 풦(퐶) = 휅[퐶].
Note that 풦 does indeed map into ℋ(핊21) since each 퐶 ∈ C푡 is homeomorphic
to 핊11. Let 풦푡 be the restriction of 풦 to C푡; that is,
풦푡 : C푡 → 풦푡(C푡) ⊆ ℋ(핊21), 풦푡(퐶) = 휅푡[퐶].
We are now in a position to define the desired isotopy from (P,C) to (핊21, 풞푐).
Define the map Ξ : [0, 1]×C→ ℋ(핊21) by
Ξ(푡, 퐶) = 풦(Υ푡(퐶)).
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Let Ξ푡 denote the map Ξ푡(퐶) = Ξ(푡, 퐶). Note that, for a fixed 푡,
Ξ푡(퐶) = 풦(Υ푡(퐶)) = 풦푡(Υ푡(퐶))
for each 퐶 ∈ C. We proceed to verify that Ξ satisfies the conditions (I1)-(I5) of
an isotopy.
(I1) Since 픣0 = 픣, the map 휁0 is the identity on ℝ
3∖0 and so Υ0 is the identity
on C. Whence, for each 퐶 ∈ C:
Ξ0(퐶) = 풦0(퐶) = 휅0[퐶],
where 휅0 : P→ 핊21 is a bijection.
(I2) We have Υ1(C) = C1 = 풞푐; the map 휅1 is the identity on P1 = 핊21, so
휅1[퐶
′] = 퐶′ for each 퐶′ ∈ 풞푐. Hence
Ξ1(C) = 풦1(Υ1(C)) = 풦1(풞푐) = 풞푐.
(I3) Each circle of Ξ푡(C) is of the form 풦푡(퐶푡) for some circle 퐶푡 in C푡. As
(P푡,C푡) is a spherical circle plane, 퐶푡 contains at least three points in P푡 and
is homeomorphic to 핊11. To show that the same is true for 풦푡(퐶푡) we need the
following.
Lemma 6.3.4. The map 풦푡 : C푡 → 풦푡(C푡) ⊆ ℋ(핊21) is a homeomorphism for
each 푡 ∈ [0, 1].
Proof. Let (푌푖) be a sequence in C푡 converging to an element 푌 (with respect
to the topology on ℙ3ℝ∖po). By Theorem 6.1.2, we have 푌푛 퐻퐶−−→ 푌 . We show
that (풦푡(푌푛)) 퐻퐶−−→ 풦푡(푌 ).
∙ lim푛 sup풦푡(푌푛) ⊆ 풦푡(푌 ): Let (p푛) ∈ (풦푡(푌푛)). Let p be the limit of some
convergent subsequence (p푛푘) of (p푛). For each 푛, let q푛 = 휅
−1
푡 (p푛); then
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(q푛) ∈ (푌푛) and, since 휅푡 is a homeomorphism,
q푛푘
푘→∞−−−−→ 휅−1푡 (p) =: q.
Hence, since lim푛 sup푌푛 = 푌 , we have q ∈ 푌 ; thus p = 휅푡(q) ∈ 풦푡(푌 ). This
shows that lim푛 sup풦푡(푌푛) ⊆ 풦푡(푌 ).
∙ 풦푡(푌 ) ⊆ lim푛 inf 풦푡(푌푛): Let p ∈ 풦푡(푌 ), so p = 휅푡(q) for some q ∈ 푌 . Since
푌 = lim푛 inf 푌푛, there is a sequence (q푛) ∈ (푌푛) converging to q. Let (p푛) be
the sequence given by
p푛 = 휅푡(q푛)
for each 푛. Then (p푛) ∈ (풦푡(푌푛)) and
p푛 = 휅푡(q푛)→ 휅푡(q) = p,
so p ∈ lim푛 inf 풦푡(푌푛), as required.
We now show that 풦−1푡 is continuous. Let (푌푛) be a sequence in C푡 and
let 푌 ∈ C푡 be such that the sequence (풦푡(푌푛)) 퐻퐶−−→ 풦푡(푌 ). By replacing
풦푡 with 풦−1푡 in the above arguments used to show that 푌푛 퐻퐶−−→ 푌 implies
풦푡(푌푛) 퐻퐶−−→ 풦푡(푌 ), we obtain that 풦푡(푌푛) 퐻퐶−−→ 풦푡(푌 ) implies 푌푛 퐻퐶−−→ 푌 .
Hence, by Theorem 6.1.2, 푌푛 → 푌 in ℙ3ℝ∖po. That is,
풦−1푡
(풦푡(푌푛)) = 푌푛 → 푌 = 풦−1푡 (풦푡(푌 ))
in ℙ3ℝ∖po. Whence 풦−1푡 is continuous.
To complete our verification that (핊21,Ξ푡(C)) is a spherical circle plane, we
show that any three distinct points of 핊21 uniquely determine a circle in Ξ푡(C).
Let x, y, z be distinct points in 핊21. Then 휅
−1
푡 (x), 휅
−1
푡 (y), 휅
−1
푡 (z) are
distinct points in P푡 and so, as (P푡,C푡) is a spherical circle plane, there is a
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unique circle 퐶푡 ∈ C푡 containing them. Hence x, y, and z uniquely determine
the circle 풦푡(퐶푡) ∈ Ξ푡(C).
(I4) We now introduce dependencies on 푡 and show that Υ and 풦 are con-
tinuous.
Lemma 6.3.5. The map Υ : [0, 1]×C→ Υ([0, 1]×C) given by Υ(푡, 퐶) = Υ푡(퐶)
is continuous.
Proof. Since
휁푡(x) =
(
푡
∣∣픥(u)∣∣ + (1− 푡)
)
x
for every x ∈ ℝ3∖0, where u = x∣∣x∣∣ , we see that the map 푡 7→ 휁푡 is continuous;
hence so is the map (푡,x× 푑) 7→ 휁푡(x)× 푑. Noting that the map id[0,1]× 휋3 is a
quotient map (since [0, 1] is compact; cf. Theorem A.1.4), from the commutative
diagram
(푡,x× 푑) 휁푡(x)× 푑
(푡, [x× 푑] [휁푡(x)× 푑]
id× 휋3 휋3
Υ
we obtain that Υ is continuous.
Lemma 6.3.6. The map 풦 : Υ([0, 1]×C)→ ℋ(핊21) is continuous.
Proof. Let (Υ(푡푛, 퐶푛)) be a sequence in Υ([0, 1] ×C) ⊆ ℙ3ℝ∖po converging to
an element Υ(푡, 퐶). By Proposition 6.1.2, we have (Υ(푡푛, 퐶푛))
퐻퐶−−→ Υ(푡, 퐶). We
show that 풦(Υ(푡푛, 퐶푛)) 퐻퐶−−→ 풦(Υ(푡, 퐶)).
∙ lim푛 sup풦(Υ(푡푛, 퐶푛)) ⊆ 풦(Υ(푡, 퐶)): Let (p푛) ∈ (풦(Υ(푡푛, 퐶푛))) and suppose
that p is the limit of some convergent subsequence (p푛푘) of (p푛). Let (q푛) be
the sequence given by
q푛 = 휅
−1(p푛)
for each 푛; then (q푛) ∈ (Υ(푡푛, 퐶푛)). Since 휅 is a homeomorphism, the subse-
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quence (q푛푘) converges to
휅−1(p) =: q.
Thus
q ∈ lim
푛
supΥ(푡푛, 퐶푛) = Υ(푡, 퐶),
and so
p = 휅(q) ∈ 풦(Υ(푡, 퐶)).
∙ 풦(Υ(푡, 퐶)) ⊆ lim푛 inf 풦(Υ(푡푛, 퐶푛)): Let p ∈ 휅(Υ(푡, 퐶)). Then
휅−1(p) ∈ Υ(푡, 퐶) = lim
푛
inf Υ(푡푛, 퐶푛),
so 휅−1(p) is the limit of some sequence (q푛) ∈ (Υ(푡푛, 퐶푛)). Hence, since 휅 is a
homeomorphism, we have that p = 휅(휅−1(p)) is the limit of the sequence (p푛)
in 풦(Υ(푡푛, 퐶푛)) given by p푛 = 휅(q푛) for each n. Thus p ∈ lim푛 inf 풦(Υ(푡푛, 퐶푛)).
This shows that 풦(Υ(푡푛, 퐶푛)) 퐻퐶−−→ 풦(Υ(푡, 퐶)), so 풦 is continuous.
The criterion (I4) is now mere formality: since
Ξ = 풦 ∘Υ : [0, 1]×C Υ−→ Υ([0, 1]×C) 풦−→ ℋ(핊21)
: (푡, 퐶)
Υ7−→ Υ(푡, 퐶)) 풦7−→ 풦(Υ(푡, 퐶)),
we obtain from the continuity of Υ (Lemma 6.3.5) and 풦 (Lemma 6.3.6) that
Ξ is continuous.
(I5) Finally, as
Ξ푡 = 풦푡 ∘Υ푡 : C Υ푡−−→ C푡 풦푡−−→ 풦푡(C푡) ⊆ ℋ(핊21)
: 퐶
Υ푡7−−→ Υ푡(퐶) 풦푡7−−→ 풦푡(Υ푡(퐶)),
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we see that Ξ푡 is the composition of the homeomorphisms Υ푡 (Lemma 6.3.2)
and 풦푡 (Lemma 6.3.4), so Ξ푡 is a homeomorphism.
This completes the proof that Ξ is an isotopy from (P,C) to (핊21, 풞푐).
Chapter 7
Conclusion
In this thesis we have provided a thorough classification of embeddable spher-
ical circle planes by giving explicit descriptions of the topological structures
associated with them. The direct methods employed to describe the geometric
operations of joining points and intersecting circles, and subsequently the home-
omorphic types of circle and flag spaces, have allowed us to prove new results
whilst maintaining accessibility to an audience only familiar with elementary
topology. Moreover, our constructions have been visualisable in ℝ3, as demon-
strated by the numerous diagrams littered throughout the thesis, so they are
didactically pleasing.
Although the problem of classifying the circle space of a general spherical
circle plane is still an open one, we have been able to extend the family of
spherical circle planes for which the classification is known, giving hope that
the axiom of touching may indeed be unnecessary to prove their flag spaces are
homeomorphic to the 3-dimensional projective space minus a point.
Having transposed the notion of isotopy equivalence from stable planes to
spherical circle planes, we have obtained a new measure to compare spherical
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circles planes. One may wish to determine isotopy equivalences among differ-
ent classes of spherical circle planes, and perhaps use it as a further means of
classification. One might also wish to emulate our approach and determine how
isotopy equivalence can be defined on various other topological geometries. The
results of this thesis, then, should not only serve to have extended what we know
of spherical circle planes, but to inspire further investigations in the topic.
Appendix
A.1 Results from General Topology
We list certain theorems from general topology used in this thesis. Each is either
proven here or includes a direct reference to a proof in the literature. The reader
may also use those references to obtain a refresher on the terminology in use; the
terms for which we do not provide definitions are those we regard as standard.
A.1.1 Properties of Quotient Spaces
Theorem A.1.1 ([3], Proposition 2.2.2). Let 푋, 푌 be spaces such that 푝 : 푋 →
푌 is a quotient map, and let 푍 be a space. Then a map 푓 : 푌 → 푍 is continuous
if and only if the composite map 푓 ∘ 푝 : 푋 → 푍 is continuous.
Theorem A.1.2. Let 푋, 푌 , 푋∗ and 푌 ∗ be spaces and let 푝 : 푋 → 푋∗, 푞 : 푌 →
푌 ∗ be quotient maps. Let 푔 : 푋 → 푌 be a continuous map and let ℎ : 푋∗ → 푌 ∗
be a map satisfying the commutative diagram:
푋 푌
푋∗ 푌 ∗
푝 푞
푔
ℎ
Then ℎ is continuous.
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Proof. Since ℎ ∘ 푝 = 푞 ∘ 푔 is continuous, Theorem A.1.1 implies that ℎ is con-
tinuous.
Theorem A.1.3 ([3], Proposition 2.4.15). Let 푋, 푌 be spaces such that 푝 :
푋 → 푌 is a quotient map. Then the restriction-corestriction 푝∣퐴 : 퐴→ 푝(퐴) of
푝 to an open (or closed) saturated subspace 퐴 ⊆ 푋 is a quotient map .
Theorem A.1.4 ([3] Theorem 3.3.17). Let 푝 : 푋 → 푌 be a quotient map and
let 푍 be a locally compact space. Then
푝× id푍 : 푋 × 푍 → 푌 × 푍
is a quotient map.
Theorem A.1.5. Let 푝 : 퐴→ 퐵 and 푞 : 퐶 → 퐷 be quotient maps. If 퐵 and 퐶
are locally compact spaces then 푝× 푞 : 퐴× 퐶 → 퐵 ×퐷 is a quotient map.
Proof. From Theorem A.1.4, the map
푝× 푞 : 퐴× 퐶 푝×id퐶−−−−→ 퐵 × 퐶 id퐵×푞−−−−→ 퐵 ×퐷
is the composition of quotient maps, so is itself a quotient map.
A.1.2 Miscellaneous Theorems
Theorem A.1.6. The restriction 푓 ∣퐴 : 퐴→ 푓(퐴) of an open map 푓 : 푋 → 푌
to an open subspace 퐴 ⊆ 푋 is an open map.
Proof. If 푈 is open in the subspace 퐴 of 푋 , then 푈 = 푈 ′ ∩ 퐴 for some open
subset 푈 ′ of 푋 . But 퐴 is open in 푋 and hence so is 푈 . Whence 푓(푈) is open
in 푋 , so 푓(푈) = 푓(푈) ∩ 푓(퐴) is open in the subspace 푓(퐴) of 푌 .
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Theorem A.1.7 ([5], Corollary 8.3). Open or closed subsets of locally compact,
Hausdorff spaces are locally compact.
Theorem A.1.8 (Gluing lemma; [5], Theorem 7.3). Let 퐴, 퐵 be closed subsets
of a space 푋 such that 푋 = 퐴∪퐵; let 푓 : 퐴→ 푌 and 푔 : 퐵 → 푌 be continuous
mappings. If 푓(푥) = 푔(푥) for all 푥 ∈ 퐴 ∩ 퐵, then the mapping ℎ : 푋 → 푌 ,
defined by
ℎ(푥) =
⎧⎨⎩
푓(푥) 푥 ∈ 퐴,
푔(푥) 푥 ∈ 퐵,
is well-defined and continuous.
Theorem A.1.9 ([5], Theorem 5.6). Let 푋 and 푌 be topological spaces such
that 푋 is compact and 푌 is Hausdorff. Let 푓 : 푋 → 푌 be a continuous, bijective
map. Then 푓 is a homeomorphism.
Theorem A.1.10. Let (푥푛) be a sequence in a compact metric space 푋 such
that every convergent subsequence (there is at least one) converges to the point
푥 ∈ 푋. Then 푥푛 → 푥.
Proof. Suppose that (푥푛) ∕→ 푥; then there is an 휀 > 0 and a subsequence (푥푛푘)
such that 푥푛푘 ∕∈ ℬ(푥, 휀) for all 푘. By compactness, (푥푛푘) has a convergent subse-
quence (푥푛푘푙 ), which in turn is a convergent subsequence of (푥푛) and hence must
converge to 푥 by the hypothesis. But 푥푛푘푙 ∕∈ ℬ(푥, 휀) for all 푙 — a contradiction.
We deduce that no such subsequence (푥푛푘) exists, so (푥푛)→ 푥.
Theorem A.1.11 ([12] Theorem 13.7). A space 푋 is Hausdorff if and only if
the “diagonal” set 퐷 := {(푥, 푥) : 푥 ∈ 푋} is closed in the product space 푋 ×푋.
Theorem A.1.12 ([12], Theorem 16.2). The continuous open image of a second
countable space is second countable.
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Theorem A.1.13 (Jordan-Brouwer separation theorem; [9], Theorem 4.8.15).
An (n-1)-sphere embedded in 핊푛1 separates 핊
푛
1 into two components of which it
is the common boundary.
Theorem A.1.14 ([2], Proposition 16.3). Let 퐶 be a convex, compact subset
of ℝ푑 (푑 ∈ ℝ) with 0 ∈ Int(퐶). Then the map 푓 : ∂퐶 → 핊푑−11 , given by
푓(x) = x∣∣x∣∣ , is a homeomorphism.
A.2 The Hausdorff-Convergence Topology
To verify that H, as defined in Chapter 5, is indeed a topology on ℋ(핊2) we first
show that the following familiar property of convergent sequences in a metric
space holds for convergent sequences in the Hausdorff-convergence topology.
Proposition A.2.1. A sequence (푀푛) in ℋ(핊2) converges to 푀 ∈ ℋ(핊2) with
respect to H if and only every subsequence (푀푛푘) of (푀푛) converges to 푀 with
respect to H.
Proof. First suppose that (푀푛)
퐻퐶−−→ 푀 and let (푀푛푘) be a subsequence of
(푀푛). It suffices to show that
lim sup
푘
푀푛푘 ⊆푀 ⊆ lim inf
푘
푀푛푘 .
∙ lim sup
푘
푀푛푘 ⊆ 푀 : If q is an accumulation point of some sequence (q푛푘 ) ∈
(푀푛푘), then q is an accumulation point of (q푛) ∈ (푀푛), so q ∈ lim sup
푛
푀푛 =푀 .
∙ 푀 ⊆ lim inf
푘
푀푛푘 : Let q ∈푀 = lim inf
푛
푀푛. Then, as ℝ
2 is a metric space, we
have that
q = lim
푛→∞
q푛 = lim
푘→∞
q푛푘
for every subsequence (q푛푘) ∈ (푀푛푘). Hence q ∈ lim inf
푘
푀푛푘 .
110 Chapter 7. Conclusion
Conversely, if every subsequence (푀푛푘) of (푀푛) to 푀 with respect to ℋ,
then so does (푀푛), being a subsequence of itself.
Theorem A.2.2. The Hausdorff-convergence topology H is a topology on ℋ(핊2).
Proof. Since lim inf ∅ = lim sup∅ = ∅, a sequence of empty sets converges in
ℋ to the empty set, so ∅ is H-closed. Obviously the entire collection ℋ(핊2) is
H-closed.
We now show that the finite union of H-closed sets is H-closed. By induction
it suffices to consider the union of two H-closed subsets 퐴,퐵 ⊆ ℋ(핊2). Let (푀푛)
be a sequence in 퐴 ∪ 퐵 and suppose that 푀푛 퐻퐶−−→ 푀 for some 푀 ∈ ℋ(핊2). If
푀푛 ∈ 퐴 for only finitely many 푛 then there is an 푁 > 0 such that 푀푛 ∈ 퐵 for
all 푛 > 푁 . Hence, since 퐵 is H-closed, we have that
푀 = lim
푛→∞
푀푛 = lim
푛→∞
푛>푁
푀푛 ∈ 퐵 ⊆ 퐴 ∪퐵.
Similarly one finds that if 푀푛 ∈ 퐵 for only finitely many 푛, then 푀 ⊆ 퐴 ∪퐵.
Now suppose there are infinitely many 푛 for which 푀푛 ∈ 퐴 and 푀푛 ∈ 퐵,
respectively. Let (푀푛푘) and (푀푛푙) be the corresponding subsequences of (푀푛)
in 퐴 and 퐵, respectively. By Proposition A.2.1, we have that (푀푛푘)
퐻퐶−−→ 푀
and (푀푛푙)
퐻퐶−−→ 푀 . Hence, as 퐴 and 퐵 are each H-closed we obtain that
푀 ∈ 퐴 ∩퐵 ⊆ 퐴 ∪퐵. This shows that 퐴 ∪퐵 is H-closed.
Finally we verify that arbitrary intersections of H-closed sets are H-closed.
Let {퐴훼}훼 be a family of H-closed sets and let (푀푛) be a sequence in
∩
훼 퐴훼
such that (푀푛)
퐻퐶−−→ 푀 for some 푀 ∈ ℋ(핊2). Then, for each 훼, we have that
(푀푛) is a sequence in 퐴훼 and (푀푛)
퐻퐶−−→ 푀 , so 푀 ∈ 퐴훼. Hence 푀 ∈
∩
훼 퐴훼,
so
∩
훼퐴훼 is H-closed.
Proposition A.2.3. Let 푌 be a metric space and endow ℋ(핊2) with the Hausdorff-
convergence topology. Suppose that 푔 : 푌 → ℋ(핊2) is map such that whenever
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there is a sequence (푦푛) in 푌 converging to a point 푦, we have 푔(푦푛)
퐻퐶−−→ 푔(푦).
Then 푔 is continuous.
Proof. Let 퐴 be a closed subset of ℋ(핊2); we show that 푔−1(퐴) is closed in 푌 .
Since 푌 is a metric space, this is equivalent to showing that 푔−1(퐴) contains
its limit points in 푌 . Let (푦푛) be a sequence in 푔
−1(퐴) converging to a point
푦 ∈ 푌 . Then 푔(푦푛) ∈ 퐴 for each 푛, and by the hypothesis on 푔 we have that
푔(푦푛)
퐻퐶−−→ 푔(푦). But 퐴 is H-closed, so 푔(푦) ∈ 퐴 and hence 푦 ∈ 푔−1(퐴). Whence
푔−1(퐴) contains its limit points.
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Δ . . . . . . . . . . . . . . . . . . . . . . . . . 18 퐿(x, [u]) . . . . . . . . . . . . . . . . . . . 10
휂푐 . . . . . . . . . . . . . . . . . . . . . . . . . 76 lim푛 inf푀푛 . . . . . . . . . . . . . . . . 87
휂 . . . . . . . . . . . . . . . . . . . . . . . . . . 37 lim푛 sup푀푛 . . . . . . . . . . . . . . . . 87
ℱ푐 . . . . . . . . . . . . . . . . . . . . . . . . 75 푀p,q . . . . . . . . . . . . . . . . . . . . . . 62
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(푀푛)
퐻퐶−−→푀 . . . . . . . . . . . . . 87 휓 . . . . . . . . . . . . . . . . . . . . . . . . . . 23
푚푡 . . . . . . . . . . . . . . . . . . . . . . . . 93 (ℝ3 × ℙ2ℝ)∗ . . . . . . . . . . . . . . . 27
휇 . . . . . . . . . . . . . . . . . . . . . . . . . 27 ℛ(x,u) . . . . . . . . . . . . . . . . . . . . 10
Ωˆ . . . . . . . . . . . . . . . . . . . . . . . . . 67 휌푑 . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Ω . . . . . . . . . . . . . . . . . . . . . . . . . 28 (핊21, 풞푐) . . . . . . . . . . . . . . . . . . . . 75
(풫3)∗ . . . . . . . . . . . . . . . . . . . . . 16 핊푑푟 . . . . . . . . . . . . . . . . . . . . . . . . . . 7
ℙ푑ℝ . . . . . . . . . . . . . . . . . . . . . . . . 8 휎 . . . . . . . . . . . . . . . . . . . . . . . . . . 27
p표 . . . . . . . . . . . . . . . . . . . . . . . . 17 Φ˜ . . . . . . . . . . . . . . . . . . . . . . . . . . 59
P푡 . . . . . . . . . . . . . . . . . . . . . . . . 94 Υ푡 . . . . . . . . . . . . . . . . . . . . . . . . . 97
(P,C) . . . . . . . . . . . . . . . . . . . . 11 Υ . . . . . . . . . . . . . . . . . . . . . . . . . 101
(풫 , 풞) . . . . . . . . . . . . . . . . . . . . . . 5 Ξ푡 . . . . . . . . . . . . . . . . . . . . . . . . . 99
풫ˆ . . . . . . . . . . . . . . . . . . . . . . . . . 67 휉 . . . . . . . . . . . . . . . . . . . . . . . . . . 53
휑 . . . . . . . . . . . . . . . . . . . . . . . . . 51 Ξ . . . . . . . . . . . . . . . . . . . . . . . . . . 98
휋˜3 . . . . . . . . . . . . . . . . . . . . . . . . 19 풴1, 풴2 . . . . . . . . . . . . . . . . . . . . . 53
휋푑 . . . . . . . . . . . . . . . . . . . . . . . . . . 8
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